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Abstract

We analyze a market populated by expected utility maximizers and smooth ambiguity-averse
consumers. We study conditions under which ambiguity-averse consumers survive and affect
prices in the limit. If ambiguity vanishes with time or if the economy exhibits no aggregate risk,
ambiguity-averse consumers survive, but have no long-run impact on prices. In both scenar-
ios, ambiguity-averse consumers are fully insured against ambiguity in equilibrium and, thus,
behave as expected utility maximizers with correct beliefs. If ambiguity-averse consumers are
not fully insured against ambiguity, they behave as expected utility maximizers with effectively
wrong beliefs and an effective discount factor which might be higher or lower than their actual
discount factor. Using this insight, we demonstrate that consumers with constant absolute ambi-
guity aversion vanish in expectations, whenever the economy faces aggregate risk. In contrast,
consumers with constant relative (and thus, decreasing absolute) ambiguity aversion survive in
expectation and with positive probability and have a non-trivial impact on prices in the limit.
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1 Introduction

Theories of ambiguity aversion have established themselves as a viable alternative to expected
utility maximization. They capture experimentally observed behavior and have been used to
explain some of the empirical phenomena documented in financial markets, such as the home
bias and the equity premium puzzle. Such explanations, however, are robust only if we can
show that ambiguity-averse investors will exert persistent influence on market prices.

In this paper, we are, therefore, asking the question about survival of ambiguity-averse investors
in a financial market. So far this question has been analyzed only for the case of max-min ex-
pected utility maximizers (as axiomatized by Gilboa and Schmeidler (1989)) with the result that
these investors disappear from the market, except in the absence of aggregate risk, see Condie
(2008). Even in the special case of no aggregate risk, ambiguity averse investors are fully in-
sured and, thus, have no effect on prices. This approach, however, has two shortcomings: first,
the framework of the max-min expected utility does not allow for a distinction between ambigu-
ity and ambiguity attitude. Hence, it is not clear whether the fact that max—min investors vanish
should be attributed to their ambiguity aversion, or to information asymmetries: while max-min-
investors face uncertainty about the actual distribution of returns, expected utility maximizers
know the correct distribution. Second, even if one were to attribute the effect to ambiguity aver-
sion, the max-min expected utility only allows for a very extreme form of ambiguity-aversion:
the decision maker always chooses the worst probability distribution to evaluate a given act.
This raises the question of whether the degree of ambiguity aversion can influence survival.
Our paper addresses these issues by examining a market populated by expected utility maxi-
mizers and smooth ambiguity-averse investors, as in Klibanoff, Marinacci and Mukerji (2009),
henceforth KMM (2009). We choose this model, because it allows us to separate the objective
ambiguity present on the market, to which all investors are exposed, from the subjective attitude
towards ambiguity. Furthermore, it also allows us to vary the degree of ambiguity aversion and

relate it to the investor’s chances to survive.



We assume that the market exhibits two levels of uncertainty: the first is the uncertainty about
the investors’ endowments, the second is the uncertainty about the probability distribution de-
termining the evolution of endowments. We refer to the first type of uncertainty as risk and to
the second type of uncertainty as ambiguity. Ambiguity is described by the set of probability
distributions which can govern the endowment process. The main difference between ambigu-
ity and risk in our model consists in the fact that the realization of the risky state (realization
of endowments) is interpersonally verifiable, while the realization of the ambiguous state (the
distribution of endowments) is not. Hence, asset payoffs and prices can only depend on the
realization of the risky variables, but not on the realization of the ambiguous ones. Similarly,
trades cannot be made contingent on the ambiguous states, i.e., on the distribution governing
the endowment streams. We assume that the economy has a complete set of Arrow securities
with payoffs contingent on the realization of the risky state. No assets with payoffs contingent
on the realization of the ambiguous states are available.

In our model, both types of investors have the same information about the structure of un-
certainty. Both ambiguity-averse investors and expected utility maximizers are averse towards
risk. However, while ambiguity-averse investors prefer to reduce their exposure to ambiguity,
expected utility maximizers are indifferent towards it. Hence, if both types of investors have
identical discount factors and correct beliefs, then differences in their ability to survive can only
be attributed to the difference in their attitude towards ambiguity.

The main finding of our paper is that if ambiguity is persistent and the economy faces aggregate
risk, survival is not independent of the degree of ambiguity aversion. This is true, even though
all investors in the economy are assumed to have correct beliefs and identical discount factors.
The intuition behind this result is as follows: a smooth ambiguity-averse investor with correct
beliefs and a constant discount factor effectively behaves as an expected utility maximizer with
incorrect beliefs and a time-dependent discount factor. The factors modifying the beliefs and
the discount rate depend on the decision maker’s equilibrium consumption and on the function

describing his attitude towards ambiguity. In particular, if the ambiguity-averse investor were



completely insured against ambiguity, he would be indistinguishable from an expected utility
maximizer with a constant discount factor and correct beliefs. However, we show that if the
economy faces aggregate risk, the ambiguity-averse investor will not be completely insured
against ambiguity and, hence, his ambiguity aversion will influence both his effective beliefs
and his effective discount factor. His effectively wrong beliefs always inhibit his chances of
survival compared to an expected utility maximizer with correct beliefs. However, changes in
his effective discount factor can offset this effect.

We analyze three classes of functions representing the investor’s attitude towards ambiguity:
functions exhibiting constant absolute ambiguity aversion, ¢ (y) = —e~*Y; functions exhibiting
constant relative ambiguity aversion and, thus, decreasing absolute ambiguity aversion, ¢ (y) =
Iny and ¢ (y) = x7; and functions exhibiting increasing absolute ambiguity aversion of the
type ¢ (y) = by — ay". For these three classes of functions, we compute the effective discount
factor of the ambiguity-averse investor. The effective discount factor is equivalent to the actual
discount factor for the class of functions exhibiting constant absolute ambiguity aversion. It
is larger than the actual discount factor for the class of functions with constant relative, and
hence, decreasing absolute ambiguity aversion; and it is smaller for the subclass of functions
with increasing absolute ambiguity aversion which have a decreasing second derivative. We
then use these results to derive implications for the survival of ambiguity averse investors.
Since the effective discount factor for an ambiguity-averse investor with constant relative am-
biguity aversion is larger than his actual discount factor, it forces him to save more, and thus,
enhances his chances of survival. It turns out that (in expectations) this effect offsets the ef-
fect caused by wrong beliefs. Hence, investors exhibiting constant relative ambiguity aversion
survive with positive probability and in expectations. Since these investors are not completely
insured against risk in equilibrium, they have a non-trivial impact on prices and allocations even
in the limit of those paths on which they survive. In particular, such paths will exhibit higher
equity premium than predicted using standard models of expected utility maximization.

For the case of constant and increasing absolute ambiguity aversion, the effective discount factor



of the ambiguity-averse investors either remains unchanged or is less than their actual discount
factor, while their eftective beliefs differ from the truth. Hence, unless they are fully insured
against ambiguity, in expectations, such investors vanish from the market, even though their
actual beliefs are correct and their discount factor is identical to the one of the expected utility
maximizers.

The intuition behind these results is simple: in the smooth model of ambiguity, ambiguity
aversion has an intertemporal effect, forcing the investor to save more relative to an ambiguity-
neutral investor. When an investor exhibits decreasing ambiguity aversion, this effect is espe-
cially pronounced for wealth levels close to 0, thus preventing his consumption from converging
to 0. In contrast, increasing absolute ambiguity aversion, leads to a reduction in savings at low
levels of wealth, driving the investors out of the market.

It is important to note that the dependence of survival on ambiguity aversion arises only for
cases, in which (i), the economy faces aggregate risk and (i), the ambiguity is persistent. To
indicate the importance of aggregate risk, we analyze the case in which the total endowment of
the economy is certain. We show that in this scenario, all investors will be fully insured against
risk, and thus, also against ambiguity. It follows that ambiguity-averse investors with correct
beliefs will survive, but their ambiguity-aversion will not matter for prices and allocations.
To highlight the effect of persistent ambiguity, we study the case, in which the probability
distribution of asset payoffs is determined once and for all in the first period and, therefore, the
investors can learn it as time evolves by observing the endowment realizations. In this case, only
beliefs and discount factors determine survival. In particular, ambiguity-averse investors with
correct beliefs and discount factors equal to those of the expected utility maximizers survive.
However, since ambiguity vanishes in the limit, ambiguity-aversion has no long-run impact in
this scenario.

The remainder of the paper is organized as follows: the next section provides a short overview of
the related literature. Section 3 presents the model of a market with expected utility maximizers

and smooth ambiguity-averse consumers. Section 4 defines and shows the existence of an



interior equilibrium for such an economy. Section 5 analyzes the question of survival with
ambiguity-aversion and states our main results. Section 6 concludes. All proofs and derivations

are collected in the Appendix.

2 Related Literature

The paper which is most closely related to our work is by Condie (2008), who analyzes the
issue of survival of max-min expected utility maximizers. He shows that even when the true
probability distribution is contained in the prior of a max-min consumer, this consumer van-
ishes, unless he is completely insured. The intuition behind this result is simple: at any period,
a max-min consumer can be represented as an expected utility maximizer by choosing beliefs
in such a way that they support the equilibrium consumption stream at the equilibrium prices.
These effective beliefs will correspond to the truth only if the max-min consumer is completely
insured, but will be wrong, otherwise. Hence, max-min expected utility maximizers can survive
only in economies, in which there is no persistent aggregate risk. More generally, Rigotti, Shan-
non and Strzalecki (2008) show how effective beliefs can be derived for all known models of
ambiguity aversion. While we use a similar technique to analyze the conditions for the survival
of a smooth ambiguity-averse consumer, in our infinite-horizon model, there are two effects at
work: ambiguity-aversion causes the consumer to behave as an expected utility maximizer with
incorrect beliefs, but it also forces him to save more in certain cases by increasing his effective
discount factor. This second effect can compensate the first one, implying survival. Hence, our
paper extends the results by Condie (2008) by considering a more general class of ambiguity-
averse consumers, clearly differentiating between objective ambiguity and subjective ambiguity
attitude and highlighting the role of different degrees of ambiguity aversion for survival.

More generally, our paper contributes to the literature on survival in financial markets by re-
examining the question of whether correct beliefs are the only determinant of survival. As
is well-known from the work of Blume and Easley (2006) and Sandroni (2000), in complete

markets populated by expected utility maximizers, market participants with identical discount



factors survive if and only if they have correct beliefs'. Our framework deviates from these stud-
ies in two respects: first, markets are incomplete in that they do not allow for bets on ambiguous
events; second, decision maker’s preferences deviate from expected utility maximization and in
particular, are not time-separable. The market incompleteness prevents ambiguity-averse agents
from insuring completely against ambiguity. The time-inseparability of preferences leads to the
difference between the actual and the effective discount factor used by ambiguity-averse agents.
We consider two special cases, in which market incompleteness and time-inseparability do not
matter: the case of vanishing ambiguity, in which betting on infinite endowment streams coin-
cides with betting on the ambiguous states of the economy; and the case of no aggregate risk,
in which insuring everyone against risk in equilibrium automatically guarantees that everyone
is completely insured against ambiguity, as well. In these two cases, the only relevant charac-
teristic for survival are the consumer’s beliefs. The ambiguity-averse investors behave exactly
as expected utility maximizers.

In general, however, both factors have an effect on the equilibrium allocations in our frame-
work. Not allowing the ambiguity-averse consumers to insure themselves against ambiguity,
makes survival dependent on ambiguity attitude. In this sense, our paper is related to the re-
search on survival in incomplete financial markets. Coury and Sciubba (2009) show that it is
always possible to construct an equilibrium, in which an agent with incorrect beliefs survives.
Beker and Chattopadhyay (2010) demonstrate that the dynamics of an economy with incom-
plete markets is highly non-trivial: in some cases, an agent with correct beliefs can vanish,
in others, the economy might exhibit cycles in which the consumption of each of the agents
approaches 0 infinitely often. While these papers look at rather general forms of incomplete-
ness, in our paper the incompleteness arises from the presence of ambiguity and is, therefore,
quite specific, in that it only matters for the ambiguity-averse consumers. In the absence of

those, equilibrium allocations in our market would be Pareto-optimal and the survival results

! The assumption of bounded endowments is also crucial for these results: Kogan, Ross, Wang

and Westerfield (2008) and Yan (2008) provide models of a growing economy, in which the consumer’s risk
attitude influences his ability to survive, together with his discount factor and beliefs. While in our
model ambiguity aversion, discount factors and beliefs jointly determine the investors’ chances to
survive, our results are derived in the context of bounded endowments.
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for complete markets would go through.

Borovicka (2010) examines survival in the context of Epstein and Zin (1989) preferences®. He
also shows that time-nonseparability has an effect on survival as compared to the case of time-
separable preferences. Similarly to Kogan, Ross, Wang et al. (2008) and Yan (2008), his model
uses a Brownian motion to model the distribution of endowments, while our results are derived

for the case of bounded economy.

3 The Model

3.1 Modelling the Uncertainty

Let N = {1, 2, ..} denote the set of time periods. Uncertainty is modelled through a sequence of
random variables {.S; };~, which take value from a finite set S;. Denote by s; € S, the realization

of random variable S;. Denote by ¥ = H S; the set of all possible observation paths, with
t

t

representative element ¢ = (s, Sa, ..., S, ...). Finally denote by X! = H S; the collection of all
finite paths of length ¢, with representative element o' = (s, s, ..., stT).ZlEach finite observation
path o identifies a decision/observation node and the set of all possible observation paths > can
also be seen as the set of all nodes.

We can represent the information revelation process in this economy through a sequence of
finite partitions of the state space X. In particular, define the cylinder with base on o; € Xf,
t € NasC(oy) = {0 € X|o = (0y,..)}. Let F; = {C(0}) : 0, € X'} be a partition of the set 3.
Clearly, F = (Fy, .., Fy, ..) denotes a sequence of finite partitions of ¥ such that F =X and F; is
finer than [F,_;. We assume that all agents have identical information and that the information
revelation process is represented by the sequence .

Let F; be the set consisting of all finite unions of cylinders with base on X*. It is easily shown

that F; is a o-field. Note that 7, = o (IF;). Define Fy as the trivial o-field. Let F = 0 (UenFy)-

It can be shown that {F;},  is a filtration.

2 Mathematically, Epstein-Zin preferences represent a special case of the KMM’s (2009) recursive

model of smooth ambiguity aversion. We thank Viktor Tsyrennikov for pointing this out.
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We define on (3, F) a family of probability distributions {Wn},f:[:l and throughout we assume

T (C(oy)) > 0,VYo,. In what follows, for brevity, we abuse notation slightly by denoting

Tn(C(or)) = mp(0r) = ma(s1, S2, ..., St).

For any £ € ¥ define the conditional distribution of 7,, given o, as 7, (E | o,) where:

mEOC) et e N
m(E | o) ={ ;Tfn((%)) £ — 0 forany £ € &

In words, 7, (E | o) is the probability under distribution 7,, that the observation path will
belong to F, given that we have reached node o;.
The one-step-ahead probability distribution 7,,(s;11; 0;) at node o, is determined by:

7Tn(31, --3t78t+1)
(81, .-5¢)

7Tn(5t+1; O't> = 7Tn(81, .Sty St41 | S1, ..St) = for any Sgy1 € StJrl

In words, 7,,(s;11; 0¢) is the probability under distribution 7,, that the next observation will be
s¢11 given that we have reached node o,.

Denote by 1 : {71'”}5:1 — [0, 1] the (true) prior probability distribution over the set of proba-

N
n=1°

bility distributions {7, } with u,, = p(m,,) denoting the prior probability of distribution 7,,.

Given any 7, € {Wn}le and any o, € ¥, the posterior distribution is defined as:

(o) () ‘
Z;Vﬂ 7Tj(‘jt)ﬂj

There are, thus two sources of uncertainty in the economy: uncertainty about the realization of

Ho () = i | 00) =

the state of the world s;, captured by the probability distributions 7,,, and uncertainty about the
actual probability measure which governs the realization of the state of the world. We will refer
to the first source of uncertainty as risk, while the term ambiguity is used with regard to the
second.

Two benchmark cases will be of particular interest. First, consider the situation, in which a
probability distribution 7, is drawn at the beginning of period 1 according to a distribution
i = (py...,) and then, for each ¢ € N, the variables s, € S; = S are distributed identically

and independently according to 7,,, i.e.:
T (s | 04) = 0 (8)

for all o, € ¥;. We will refer to this situation as the case of vanishing ambiguity: in this case, it



is possible to learn the true probability distribution 7,, by observing the state of the world s; in
each period and using Bayesian updating on the prior x. The posterior p,,, (7,) converges to 1,
whenever ,, is the realization of the initial draw.

Now consider a situation, in which the probability distribution 7, (0;) determining the realiza-
tion of the state of the world s, is drawn anew at each node. Suppose that 7, (0,) are i.i.d.
according to a distribution p = (p,...pt,,). We refer to this situation as the case of persisting
ambiguity: since the distribution 7w which determines the state of the world changes in each
period, past observations of the state of the world s; do not provide any information about the

future realizations of 7. The posteriors satisfy i, (7,) = p,, for all nodes o.

3.2 Preferences and Beliefs

There is a single good and I infinitely lived consumers, each with consumption set R,. A
e}

consumption plan ¢ : ¥ — H R, is a sequence of R -valued functions {c(o;)};-, in which
t=1
each c (o) is F;-measurable. Each consumer is endowed with a particular consumption plan,

called the endowment stream. Consumer i’s endowment stream is denoted ¢’
Denote by u : {wn}fj:l — [0, 1] consumer i’s prior probability distribution over the set of

probability distributions {m,,}"_,, with i/, = p(m,) denoting the prior probability of distribu-

n=1°

tion m,. Given any 7, € {Wn} _, and any o, € 3, agent ¢’s posterior distribution is defined

as:
Wn(at),ui(ﬂn)
Zj’vﬂ Wj(at),“;"

Let =; denote agent ¢’s preference ordering over consumption plans. Preferences >, are repre-

ﬂfn(ﬂ-n) = Mi(ﬂn | 01) =

sented by the following recursive functional:

Vi (c) = wi(c(00)) + By " Z¢ > V(s o) | ik, ()

St+1€St+1

This representation of preferences was suggested by KMM (2009). Here 3, € (0,1) is agent
s intertemporal discount factor; u; : R, — R and ¢, : R — R are continuous and strictly
increasing functions. The interpretation of V' is as follows: at time ¢, on path o,, consumer

i receives an instantaneous utility from consumption u’(c’(0;)). From the next period on, he
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expects a state-contingent consumption stream, which, depending on the state realization in

period t + 1, s;,; will generate a discounted utility equal to V! The consumer faces two

ETIIRE
types of uncertainty: first, he does not know which state will occur in period ¢ + 1, second
he is uncertain which probability distribution determines the realization of the state at ¢ + 1.
The first type of uncertainty — risk — is captured by taking the expectation of the discounted
payoffs with respect to a probability measure 7,(s;11;0;). The second type of uncertainty —
ambiguity — is captured by a probability distribution over 7, uf,t (7,) and a concave function
¢;. While the distribution p captures the perceived ambiguity, ¢; expresses consumer i’s
attitude towards this ambiguity. Finally, applying the inverse of ¢, to the expression in square
brackets and multiplying by [, corresponds to finding the certainty equivalent of the expected
future consumption stream in terms of present utility. Note that when ¢, is a linear function (e.g.,
the identity), the representation above reduces to intertemporal expected utility maximization.
Our choice of the preference representation is motivated by the following considerations: first,
differently from most other forms of representation of ambiguity-averse preferences, the KMM
(2009) smooth model of ambiguity allows for a clear separation between ambiguity and am-
biguity attitude. In particular, the function ¢ controls the degree of ambiguity aversion and
allows us to compare decision makers which differ according to this characteristic. Second, the
smooth model of ambiguity allows for a recursive formulation. This means that the beliefs of
the decision maker are updated according to the Bayesian rule and the modelled behavior is
dynamically consistent®.

We impose the following assumptions on the primitives of the model:

Assumption 1 The functions u; : R, — R are twice continuously differentiable, strictly
concave, u; (0) = 0, lim. o u;(c) = 0o and lim,_, u} (¢) = 0.

Assumption 2 Each of the functions ¢, : R — R is either linear or strictly concave, twice
continuously differentiable and lim, o ¢;(y) > 0.

Assumption 3 Endowments are uniformly bounded away from zero and aggregate endow-
ments are uniformly bounded. Formally, there is an m > 0 such that e’(0;) > m for all 7, 0y;
moreover there is an m’ > m > 0 such that Z e'(o;) < m' for all 0.

3 KMM (2009) provide a second formulation of the representation, which is time-separable, but

violates dynamic consistency. The analysis of survival for such preferences is a question of independent interest.
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Assumption 4 There is a 6 > 0 such that for all paths o, dates ¢ and states of the world
S¢ € Sy, mp (843 04-1) > 0 for some n € {1...N} implies 7, (s4;04_1) > d.foralln € {1...N}.
Assumptions 1 and 3 appear in Blume and Easley (2006). Assumption 2 is necessary, since we
extend their model to the case of ambiguity aversion. Assumption 1 implies that all consumers
are strictly risk-averse. Assumption 2 allows for both ambiguity-aversion and ambiguity-neutrality,
hence the case of expected utility maximization is covered by our model. Taken together, As-
sumptions 1 and 2 exclude the case in which a consumer chooses 0 consumption in an (ob-
servable) state of the world in which the consumer has a positive endowment and which has
a positive probability according to this consumer’s beliefs. Assumption 3 requires that each
consumer’s endowment in all states of the world is uniformly bounded above and uniformly
bounded away from 0. Assumption 4 states that all distributions in the set (ﬂn)fj:l are mutually
absolutely continuous and that the minimal probability they can assign to a given state in the
next period conditional on the history o;_; is uniformly bounded away from 0. Note that if
all distributions 7, are mutually absolutely continuous, then in the two scenarios of persistent
and vanishing ambiguity, the existence of a ¢ as specified in Assumption 4 is automatically
guaranteed.

Taken together, Assumptions 1—4 guarantee that the solution to the consumer’s maximization
problem will be interior. Hence, they preclude the possibility that a consumer would vanish in

finite time.

4 The Equilibrium of the Economy

We assume that markets are complete with respect to the observable states of the world, i.e.
there is a complete system of Arrow securities contingent on the realization of o, for all o, € X..
However, agents are not able to trade on the realization of the probability distribution 7, i.e. the
probability distribution over states is non-contractible. Since both endowments and consump-
tion streams are assumed to be F;-measurable, at any time ¢, the only information available
about 7, is the realization of o,. Hence, the restriction that trades can only be conditioned on
o, appears fairly natural.

12



Definition 4.1 An equilibrium of the economy is an integrable price system (p (0y)),, 5, and
a consumption stream c' for every consumer i such that at all nodes o, € ¥, all consumers
i € {1...1'} are maximizing their utility given the price system and markets clear:

¢ =argmax V, (c') = u'(’(04))+

N
+ﬂi¢;1 Z¢z Z V(iyt,stﬂ)(ci)ﬂn(swl;at) /ﬁfn(ﬁn)
n=1

St4+1E€St+1

s.L. Zp(at) ¢ (o) < ZP(@) e' (o4)

Z c (o) = Z e (o).

i=1 =1

Since markets in our economy are incomplete, we cannot directly use the Pareto-optimality
conditions as in Blume and Easley (2006). Instead, we first show that an equilibrium of the
economy exists and then use the properties of this equilibrium to analyze the question of sur-

vival.

Proposition 4.1 An equilibrium of the economy exists.

Our next Proposition ensures that the equilibrium can be described by a system of first-order
conditions. The result of this Proposition is a direct consequence of the Inada conditions im-
posed on the function u, the concavity of ¢ and the mutual absolute continuity of the probability

distributions (’/Tn)N

n=1"

Proposition 4.2 Under Assumptions 1-4, the equilibrium of the economy satisfies for all i €
{1...1}, allt € Nand all 0, € ¥, and s;.1 € Sy1 such that o, has a positive probability and

such that 30| i (1)1 (045 Se41) > 0:
ui (' (01)) __p(oy)
. Sy 84 [EBry (Vi ()]s, (ra)mn(sivnion) — p (05 8441)
! (At . n t4+1 t ) Ot+1
iUy (C (Ut, St+1>) 975;(‘75;1(22;1 ¢i[E7rn(V§t+1)]M§t(7fn)))

(1

This result allows us to use techniques similar to Blume and Easley (2006) to analyze the con-

ditions under which ambiguity-averse consumers can survive.
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S Survival with Ambiguity Aversion

As is common in the literature, we will say that a consumer i vanishes on a set of paths % if
limy_s inf ¢ (o) = 0 a.s. (w.r.t. the truth) on 3. Consumer i survives on ¥ if lim;_,., sup ¢ (o) >
0as. on3.

The survival of a consumer can in general depend on his preferences, on his discount factor and
on his beliefs. In this paper, we concentrate on the impact of ambiguity aversion on survival,
while keeping the discount factors and the beliefs of the decision makers identical for most of
the discussion. For a given function ¢, the coefficient of absolute ambiguity aversion is given by:

—%/,/. We distinguish between constant, decreasing and increasing absolute ambiguity aversion,

depending on the monotonicity properties of — ¢7. We will concentrate on the following classes

of functions belonging to each of the three categories:

(1) ¢(y) = —e ™ for some « > 0: this is the class of functions ¢ which exhibit constant
absolute ambiguity aversion (CAAA), i.e., —ZT(;’)) is constant.
(i) ¢(y) = Inyor ¢ (y) = y” for some v € (0;1): this is the class of functions ¢ which

exhibit constant relative ambiguity aversion, i.e., —y¢/,/((3)) is constant. All these functions also

3" (y)
@' (y)

exhibit decreasing absolute ambiguity aversion (DAAA), i.e., — is decreasing.

1 , .
(i11) ¢ (y) = by — ay" for some a, b > 0 and r > 2 with(;;) " > %5 these functions ex-

(Z,((;’)) 1s increasing, and, in addition,

hibit increasing absolute ambiguity aversion (IAAA), 1.e., —
have decreasing second derivative ¢” (y).

We start by analyzing whether ambiguity aversion has an impact on survival for the case of

vanishing ambiguity described in Section 3.

Proposition 5.1 Consider an economy with vanishing ambiguity, and suppose that all con-
sumers have identical discount factors, 5, = [ for all i € {1...I}. Suppose that for a given
consumer 1,

(i) the truth p,, is absolutely continuous with respect to i’s prior jit, i.e. j1,, > 0 implies that
py > 0;
(13)  the function defined by
N
Gi (,U (11) oot (WN)) _ D net 9 (Yn) fo, (Tn) Tn (81+1)
o e,

¢ (6 (S0l 61 (90) o, (7)) )

where y,, are parameters bounded between [O; ﬁu (m/ )] is Cy and its total derivative is

i)
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uniformly bounded for all values of the parameters.

Then i survives almost surely. In particular, a consumer i whose prior is absolutely continuous
w.r.t. to the truth survives whenever ¢' is linear or belongs to any of the three categories
specified above.

Proposition 5.1 is in line with the main result in Blume and Easley (2006) that with identical
discount factors, only beliefs matter for survival, while preferences are immaterial. In particular,
the absolute degree of ambiguity aversion plays no role in determining which of the consumers
will survive, as long as the priors are absolutely continuous with respect to the truth. The
additional condition (7i) we have to impose simply requires that a slight change in the posteriors,

lts, (7,) leads to a uniformly bounded change in the factor
S 0 [Bry (Vi ()], () (51415 04)
¢ (o7 (S0 & [Br (V)] i, ()

which takes the place of beliefs in the first-order condition of the smooth ambiguity averse

consumers. This implies that when i, is close to the truth, this factor is close to the Dirac
measure assigning a probability of 1 to the true state n. It guarantees that the factor converges
to the true probability distribution at the same rate as the beliefs of an expected utility maximizer
updated according to the Bayesian rule. The latter is necessary for survival, as shown in Blume
and Easley (2006). As our result demonstrates, all most commonly used functional forms satisfy
this condition.

Our next result establishes the survival of ambiguity averse consumers for the case, in which
ambiguity is persistent, but the economy exhibits no aggregate uncertainty. In this case, the
ambiguity-averse consumer is completely insured against ambiguity and behaves as an expected

utility maximizer with correct beliefs.

Proposition 5.2 Suppose that all consumers have identical discount factors 3, = B for all
i € {1...I} and correct beliefs, uii, = p,, for alln € {1..N}, i € {1...I}. In an economy with

persistent ambiguity, and no aggregate risk, i.e. S ¢ (0, 1;5;) = Son, € (0115 8,) for all
sy and s, € Sy and all t € N, all consumers survive.

In the two cases discussed in Propositions (5.1) and (5.2), ambiguity-averse consumers effec-
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tively mimic expected utility maximizers, either because ambiguity vanishes with time, or be-
cause complete insurance against ambiguity coincides with complete insurance against risk,
which is available to everyone in the economy.

We now turn to the case of persistent ambiguity. We simplify the notation by writing x,, as a
short-hand for 11, (7,,), which in this case is independent of ;. To understand the conditions
which determine whether ambiguity-averse consumers can survive in an economy, in which

ambiguity matters in a non-trivial way, we start with the following Lemma:

Lemma 5.3 Consider an economy with persistent ambiguity and suppose that Assumptions
1—4 are satisfied. If i is a smooth ambiguity-averse consumer, while j is an expected utility
maximizer with ¢; (y) = y and both have correct beliefs, on any given path o € %, the equilib-

rium consumption streams of i and j satisfy:

lim = In u'IL (Ci (UT; ST+1))

T—oo T ) (7 (075 8741))
1 N SN B, (Vi(0e1))] 2,
T (S 6 B, e )

1 SN 6 [Er, (Vi (0101)] 11,70 mo]
25:1 P T (St41) 25:1 &5 [Er, (Vi (0441))] tn

= [Ing; —Ing;] )

This Lemma is key to our following results. The sign of the Lh.s of (2) identifies the cases
in which i survives or vanishes. Since consumption is bounded above, v/ (¢/ (o7; 5711)) #

(e (omssria))

0. It follows that limp_. %ln Z,_ o) will be positive on a given path if and only if
J bl

u (¢ (o5 s741)) — 00, i.e. if the consumption of i on this path converges to 0 and i disappears.

If lim7_ o % In u;(cl(UT;sTJrl))

W@z 1S negative or zero, consumer ¢ will not disappear relative to j.

The r.h.s. of (2) highlights the factors which determine whether ¢ survives. As in Blume and
Easley (2006), the first factor is the difference in the discount factors of j and ¢« — the higher
©’s discount factor [3;, the more ¢ is going to save, hence, the more wealth he will accumulate
relative to j and the higher 7’s chances for survival.

To understand the second and the third term on the r.h.s. of (2), it is useful to look at the
MRS of an expected utility maximizer and a smooth ambiguity-averse decision maker. In an
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equilibrium, we have:

u; (¢ (04)) uj (¢ (00))

Sons 64 Bny (V3,4 (D) ]k, (o) (se1500) B B (¢ (04; St41)) Zgzl Mgt ()5 (St41; 04)
Vi

1 (i (-
qui (¢ (045 8611)) 61 (07 (S0, 0 [Br (Vi oy )1, (7)) 7

Note that the factor
St 6 [Er, (Vi ()] i, () (0413 00)
¢ (o7 (S0 & [Brn (V)] i ()

in the MRS of an ambiguity-averse decision maker takes the place of the beliefs
N

Z ,UZ*,& (T0) 70 (St41; 0)

n=1

for an expected utility maximizer. While the expression in (3) is not necessarily a probability

3)

distribution, we can normalize it to obtain the effective beliefs of the ambiguity-averse agent:
N i i i )
Zn:l ¢; |:E7rn (VU{;+1 (C ))] l”“o’t (ﬂ-n)ﬂ-n (8t+17 O-t)

e —— 4
Sonct 0 [Bx, (Vi ()] i, ()
The remaining factor is given by
S0 04 (B, (Vi ()] s (2) o

o (ot (00 64 [Bn, (V)] 1, (7))
and does not depend on the next-period-state, s;,;. It can be interpreted as an additional dis-

count factor, which is added to the actual discount factor of 1, 3, We will refer to the expres-

sion

S B, (Vi ()] ()
6 (07 (20l 01 [Br (V)] b (7)) )

as the effective discount factor of the ambiguity-averse decision maker i.

(6)

First consider expression (4). Note that ¢’s effective beliefs will in general differ from ¢’s actual
beliefs. In particular, i’s effective beliefs will coincide with his actual beliefs if and only if % is

fully insured against ambiguity so that:

Er, (Vo (¢) = Bx, (Vo ()
for all n, n’ € {1...N}. Hence, even if i's actual beliefs are correct, i.e. ., = p,,, his effective
beliefs will differ from the truth, unless he is fully insured. As in Blume and Easley (2006), ¢’s
beliefs play a crucial role for his survival relative to j. This is reflected in the last term on the

r.h.s. of (2), which contains the log of the difference of the effective beliefs of 7 and the beliefs
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of 7. In expectations, this term will equal the relative entropy of ¢ and j’s beliefs with respect
to the true probability distribution. Note that if both ¢ and ;7 have correct actual beliefs, then ’s
effective beliefs (4) will be always wrong (unless he is insured against ambiguity). This will
naturally inhibit his chances for survival relative to an expected utility maximizer with correct
beliefs. In the absence of the second term on the r.h.s. of (2), we would have, thus concluded
that with equal discount factors (ﬁi =0 j) , ambiguity-averse decision makers would disappear
from the market, unless they are fully insured against ambiguity. If they survive, the fact that
they are insured against ambiguity would mean that they have no impact on prices.

However, the presence of the second term in (2) changes the analysis. Depending on whether
the value of the term (5) exceeds, is equal to or is lower than 1, the effective discount factor
of the ambiguity-averse decision maker will be higher, equal or lower than his actual discount
factor. In particular, if 3; = f3; and if (5) exceeds one, the additional discount factor will
enhance the ambiguity-averse agent’s ability to survive.

The decomposition, thus allows us to identify two effects which will influence the chances
of survival for an ambiguity-averse agent: his effective beliefs, which in general differ from
the truth and have a negative impact on survival, and, his additional discount factor, which,
when larger than 1 has a positive impact on survival. The trade-off between these two effects
will determine whether ambiguity-averse agents will survive and have impact on prices and
allocations.

Our next result shows that in a special, but important case, the additional discount factor (5)
exactly equals 1. This is true for consumers with constant absolute ambiguity aversion (CAAA)

and correct beliefs:

Lemma 5.4 For a smooth ambiguity-averse consumer with ¢, (y) = —e~“Y, the additional
discount factor in (5) satisfies

25:1 Qb; [Ewn (VaitH (CZ))] Ngt(ﬂn)
61 (67 (S0 01 (B (V)] i (7))

Hence, the effective discount factor for such a consumer is 3.

=1
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In this case, only the effective beliefs play a role for survival. In those cases, in which the
ambiguity-averse consumer is fully insured against ambiguity, his behavior will exactly mimic
the one of an expected utility maximizer and he will survive. However, if the ambiguity-averse
consumer is persistently uninsured against ambiguity, his effective beliefs will be wrong and
the CAAA consumer will vanish in expectations and with positive probability, even though he
might be otherwise identical to the surviving expected utility maximizer. This is illustrated in

our next example.

Example 5.1 Consider an economy with persistent ambiguity and two consumers, an ex-
pected utility maximizer j, with ¢, (y) = y and a smooth ambiguity-averse consumer i with
o; (y) = —e= Y. Suppose that both consumers have identical von-Neumann-Morgenstern util-
ity functions u; = uj, identical discount factors 3; = [3; and correct beliefs pi =l = p,,. Let
S = {s1; 82}. Suppose that the endowments of both consumers are identical €' (o) = ¢/ (o)
for all o, € ¥, and depend only on the last state realization:

e (048041 =5) =€ (0801 = 8) =1 €' (s).
Finally, suppose that the economy faces persistent aggregate risk:

e’ (s1) # €' (s2).
Then i will not be fully insured against ambiguity in equilibrium. Hence, his effective beliefs
will differ from the truth, while his effective discount factor will coincide with the one of j. It
follows that v will vanish with positive probability and in expectations.

To understand the intuition behind Example 5.1 note that if the ambiguity-averse consumer is
fully insured against ambiguity, then the equilibrium of the economy will replicate the equi-
librium of an economy, in which the ambiguity-averse consumer is replaced by an otherwise
identical, but ambiguity-neutral consumer. But the equilibrium with a representative expected
utility maximizer does not provide full insurance against ambiguity, since the economy faces
aggregate risk. Hence, full insurance against ambiguity is not feasible in the original economy.
We next consider the case of increasing absolute ambiguity aversion (IAAA). We have the

following:

Lemma 5.5 For a smooth ambiguity-averse consumer with ¢, (y) = by—a (y)", the additional
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discount factor in (5) satisfies
22[:1 ¢; [E”n (VUit+1 (CZ))} 'ué't (ﬂ—”) < 1‘ (7)
o (0" (S0 [Bn (Vi) b (7)) )

Hence, the effective discount factor for such a consumer is smaller than 3,. More generally,
condition (7) is satisfied for any function ¢; which exhibits [AAA and for which ¢, is concave.

It is obvious that we can replicate example 5.1 for this case and obtain that consumers exhibiting
the specific type of decreasing absolute ambiguity aversion will disappear in expectations, if
they are not fully insured against ambiguity. Intuitively, increasing absolute ambiguity aversion
implies that the decision maker becomes less ambiguity averse as his wealth level drops. This
forces him to save even less, which in turn reduces his wealth share even further.

Our next result shows that the opposite result obtains for the case of DAAA. We start with a
Lemma, which demonstrates that for a consumer with a constant relative ambiguity aversion

(CRAA), the additional discount factor in (5) will exceed 1:

Lemma 5.6 For a smooth ambiguity-averse consumer with ¢, (y) = In (y) or with ¢, = (y)”
for some vy € (0;1), the additional discount factor in (5) satisfies

Sy i [Ex, (Vi ()] b, (ma)
(ﬁ; ((ﬁ;l (25:1 (bl [E“n (V;Hl)] Mgt<ﬂ-”))>
and the equality is obtained only if

Eﬂn (VJZHl (CZ)) = Eﬂn/ (VtTZtJrl (Cz))
foralln € {1...N}. Hence, the effective discount factor for such a consumer is greater than [3;.

> 1

Lemma 5.6, thus identifies a case, for which a higher effective discount factor can compensate
for the wrong effective beliefs of an ambiguity averse consumer. Our next result shows that in

the case of N = 2, consumers with CRAA survive with positive probability and in expectations.

Proposition 5.7 Consider an economy with persistent ambiguity. Suppose that |N| = 2 and
|Si| = K forallt € N. Let |I| = 2. Let i be a smooth-ambiguity-averse consumer with
¢; (y) = In (y), or with ¢, (y) = (y)" for some y € (0;1). Assume that i has correct beliefs and
a discount factor B. Let j be an expected utility maximizer with correct beliefs and the same
discount factor 3. Then i survives with strictly positive probability and in expectations.
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Proposition 5.7 provides an instance of an ambiguity-averse consumer surviving in a market,
despite having effectively wrong beliefs. The fact that his effective discount factor is higher
than those of the expected utility maximizer means that the ambiguity-averse consumer saves
more in equilibrium, which allows him to survive. The intuition from Example 5.1 applies in
this case, as well: if the economy exhibits aggregate risk, ambiguity-averse consumers will not
be fully insured against ambiguity in equilibrium. Hence, as long as these consumers survive
they will have a non-trivial influence on prices.

Remark 5.1 The proof of Proposition 5.7 consists in showing that in expectations, the effect of
increased savings dominates the effect of wrong beliefs for any period t. Hence, similar results

can be derived for more general processes i, (7,) determining the distribution over w, and 7,
in each period.

As Lemma 5.6 demonstrates, ambiguity-averse consumers will be saving more than their ex-
pected utility counterparts, even though they might have identical beliefs and identical discount
factors. This implies that on those paths on which ambiguity-averse consumers survive, we will
observe an excessive equity premium, which would appear to be inconsistent with the actual
discount factors, but which can be attributed to the presence of ambiguity-averse investors in
the economy. Hence, the equity-premium puzzle can be a persistent phenomenon if ambigu-
ity does not vanish over time and if some of the investors exhibit constant relative ambiguity

aversion.

6 Conclusion

In this paper, we analyzed the question of whether smooth ambiguity-averse consumers can
survive in the presence of expected utility maximizers. We showed that the answer to this
question will depend both on the nature and persistence of ambiguity and risk in the economy
and on the degree of ambiguity aversion. We identified situations, in which ambiguity-averse
consumers can survive by completely insuring against ambiguity and mimicking the behavior
of expected utility maximizers with correct beliefs. However, in this case, ambiguity-aversion
will have no impact on prices. When ambiguity in the market is persistent and ambiguity-
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averse consumers cannot be completely insured against it, their survival depends on the form
of the function characterizing their ambiguity-aversion. In particular, consumers with constant
relative ambiguity aversion will survive in expectations and with positive probability, regardless
of whether they are completely insured against ambiguity. Hence, prices in a market in which
ambiguity-averse investors are present can deviate from those in a market populated by expected
utility maximizers with correct beliefs.

The analysis so far leaves many questions open. For most of the paper we assumed that all in-
vestors in the market have correct beliefs. It would be interesting to examine whether ambiguity-
averse investors can survive when their beliefs are wrong. It is obvious that this cannot happen
when they are completely insured against ambiguity or when ambiguity vanishes. However, in
the case in which complete insurance against ambiguity is not available, the market incomplete-
ness might allow them to survive, even though their predictions deviate from the truth.
Furthermore, it would be interesting to study the case in which both ambiguity-averse con-
sumers and expected utility maximizers have wrong beliefs and examine whether the higher
propensity to save of the former will ensure that they have an advantage in terms of survival.
Finally, a more explicit analysis of the price dynamics would be of interest. It would allow us to
relate the empirical phenomena documented in financial markets to the results of our model and
test whether the presence of ambiguity-averse consumers in the long-run can provide a better

explanation to the observed patterns than the standard models based on expected utility.
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7 Appendix

Proof of Proposition 4.1:

An equilibrium of the economy exists under the following conditions, see Bewley (1972):

1. the consumption sets are convex, Mackey closed and contained in the set of essentially
bounded measurable functions;

©wok

the preferences of the consumers are complete and transitive;
the better sets are convex and Mackey closed;
the worse sets are closed in the norm topology;

there exists a set of paths with strictly positive measure such that the preferences of all

consumers satisfy strict monotonicity on this set, i.e. adding a constant to the payoff in each
state and each period makes the consumer strictly better off;

6. for all consumers, the initial endowments are in the interior of the consumptions sets.

W.L.o.g., we can assume that the consumption set of a consumer i € {1...1} is given by the sets

of all essentially bounded measurable functions and, hence, satisfies condition 1. Assumption

2 is trivially satisfied, since consumers’ preferences are represented by the utility function V.

In particular, KMM (2008) show that V* exists and is unique for every consumption stream c".

To prove convexity, as required by Assumption 3, first compare two streams of consumption ¢

and ¢ such that ¢ (0y) = ¢ (0y) for all o; # o;. Consider the stream ac + (1 — «) ¢ for some

a € (0;1). Since

VI (ac+ (1—a)d) =u'(ac(or) + (1 —a)d(01))

[~
+8,670 D¢
n=1
[~
+6,07 Z b;
n=1

2

5t4+1€St+1

> au' (c(0)) + (1 — ) u' (¢ (01)))

>

5t4+1€St+1

‘/v(i't,st+1)(c)ﬂ-n(st+1; Ut) /’[’Zt (ﬂ-n)

‘/V(Z;)_t’st+1)(c)7rn(3t+1; O-t) u’f)'t (ﬂ-n)

= aV}, () + (1 - a) V}, ()

it follows that the strict convexity of the better sets for such mixtures is implied by the strict

concavity of u (). Now let ¢ (o;) = ¢ (0;) for all oy & {01} U Xs. Note that for each o5 € 3,

Vi (ac+(1—a)d)>aV) (c)+(1—a)V. (c).
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Hence, by the strict monotonicity of ¢,, and therefore, of ¢, ! we have:
V:(ac+(1—a)d)>aVl (c)+ (1 —a)V] ().

Now suppose that ¢ (6;) =  (0y) forall oy € {01} UL, 3;. Then we know that:
VI (ac+(1—a)d)>aV] (c)+(1—-a)V) (),

hence,

Vi, (act (1=a)d) > aV;, () +(1-a)Vj, ().

or—1 or_1 o
But then, since
u'(ac(op_g) + (1 — @) d(or_2)) > au’ (c(or_2)) + (1 — a) u’ (d(o7_2)))
it follows that

Vi (ac+(1—a)d)>aVl (o)+(1—-a)VE ().

orT_2 orT—2 or—2
Applying the same argument by induction, we can show that convexity holds w.r.t. to any two
consumption streams which are constant after some time period ¢.
Note that each pair of consumption streams ¢ and ¢’ can be represented as a limit of two se-
quences of consumption streams (CT)T oy and (C’T)T o such that for each T" € N, ¢!’ coincides
with c on all paths of length 7" and is constant for all possible continuations and similarly for

AT

We then have that the pointwise limits of the sequences satisfy:

Tlim ' = ¢
71im A=/
lim [ac" +(1—a)d"] = ac+(1-a)d

T—o00

Forall T € N, we have:
Vi(ac"+(1=a)d)>aVia(")+ 1 —a)V, (7).
The function V? is a contraction, see Marinacci and Montrucchio (2007, pp. 7-9), and hence,
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continuous, implying that:

VI (ac+(1—a)d)>aVla()+ (1—a) V. (¢).
We also have that V? is uniformly continuous, hence, VV* is continuous w.r.t. the Mackey topol-
ogy. This means that both the better and the worse sets are closed with respect to the Mackey
topology, and, hence, also in the norm topology and assumptions 3. and 4. are satisfied.
For condition 5, take the set of paths to be 3. Note that V* is monotonic, see KMM (2008).
Take any consumption stream c. Clearly, adding a constant k£ > 0 to ¢ (o), strictly improves
the act. But, similarly, adding a constant to each of the ¢ (o3) for 05 € 5 leads to a strict
increase in V' (03), and by the monotonicity of ¢, to a strict increase in the evaluation of the act,
etc. Hence, the preferences of all consumers are strictly monotonic on .
Finally, Assumption 3 ensures that the endowment stream of each consumer is uniformly bounded
away from 0 and from infinity, and is, therefore, in the interior of this consumer’s consumption
set. We conclude that an equilibrium of the economy exists.ll

Proof of Proposition 4.2:

If p (+) is an equilibrium price system, then condition (1) is the first-order condition of consumer
’s maximization problem at state o;. Hence, it will be satisfied in any equilibrium, in which
consumer ¢ chooses an interior allocation on all finite paths with positive probabilities. We
now show that Assumptions 1-4 imply that the optimal consumption streams of all consumers
will be strictly positive on all finite paths which have positive probability. To show this, we
demonstrate that the MRS between consumption at o, and at (oy; s, 1) will always be strictly
positive and finite, as long as the true probability of o; and the conditional probability of s;;
given o, are both positive.

First note that since the initial endowment is uniformly bounded, then so is any of the con-
sumption streams in equilibrium and, hence, by Assumption 1, u} is always strictly positive.
Furthermore, setting ¢ (69) = 0 is not optimal, since endowment is uniformly bounded away
from 0 and v’ (0) = 0.

Let 0, have a positive probability and be such that u (¢ (o;)) > 0. By the argument above, at
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least one such o, exists. KMM (2008) demonstrate that if the consumption stream is bounded,

so is V' (c), hence, E, (VZ (cz)) are bounded as well. It follows, by Assumption 2, that

Ot+1

O; [Ex, (Vi,,, ()] and &; (gbi_ (Zn L 03 [Er, (V2] ugt(ﬁn)>) are also strictly positive.
We first show that it is not optimal to choose a consumption path on which £ (V;t+1 (c’)) =0
for some, and, hence, by the mutual absolute continuity of the distributions 7,, postulated in
Assumption 4, foralln € {1...N}.

Indeed, assume that in the optimum, E. (Vj,  (¢')) = 0 forall n € {1..N}. It follows
that the continuation of the consumption stream ¢ entails ¢ (o;;s) = 0 for all s € S;.; and
¢ (04; 85 8449...8¢41) = 0 for any continuation of the path (oy; s). Hence, at node oy, consumer
1 envisions a constant consumption of 0 at all following nodes. Consider a deviation at node
o; and at all nodes (o;s) wit s € S; such that consumption at o, is given by ¢’ (0;) — € and
instead, ¢’ (04;8) = € > 0, with ep (0y) =€), 511, P (0t 8). Assume that consumption from
s¢12 on remains at 0 for all continuation paths. Hence, consumer : trades some of his (positive)
consumption is o; for some strictly positive consumption in all one-step-ahead states of the
world. The utility of such a consumption stream at node o, is given by:

N
wi (¢ (0) + B0 (Db | D Vg @malsion) | b, ()

s€ESt+1

= U (Ci(Ut))JrﬁiCbi_l Z¢i Z ui(€)Tn(s; 01) an@n)

sE€ESt+1

_N
= i (¢ (00) + Bii | D o (wile)) pi, ()

L n=1

= s (¢ (00) + Bisi [6, (us(e)]
= U (Ci (01) — E) + Biui(e).

It is obvious that the derivative w.r.t. € at e = 0 is 0o, hence any small € represents an improve-
ment over the original plan, in contradiction to the assumption made above.

It follows that in the optimum, E, (V. (¢')) > 0 forall n € {1...N}, and, hence, we can

Ot+1
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exclude the case in which
N

Z Qb; [E”n (VUitJrl (Cl))} Mi’t (ﬂ—n)ﬂ—n (St-i-l; Ut) (8)

( (Z 01 [Br, (Vo)) o, (m)) ) 9)

equals co. Indeed, by Assumption 2, (8) can be oo only if E, (V. (c')) = 0 for some (and,

Ot+1

or

thus all) n € {1...N} and, similarly, (9) can be co only if

(Z ¢i [En, (Vs,,,)] uixﬂn)) =0,
or Er (Vi  (¢) = 0foralln € {1..N}. It follows that both (8) and (9) are less than
oo. Furthermore, both expressions are strictly positive for all s;,1 such that 7, (s;41) > 0,
which, by Assumption 4 is true, whenever S il ()75 (8¢41;04) > 0. Since o/ (0) = oo,
this implies that ¢’ (04; s4,1) # 0, whenever Zi\;l uf,t (mp)mn (Se41;0¢) > 0. According to
assumption 4, however, this is only true if Zgil Yoo, (T0) T (St41; 04) = 0, or state s, indeed
has a probability of 0 conditional on o,. It follows that, conditional on being in a node o, to
which 7 assigns positive consumption, consumer ¢ assigns positive consumption to all nodes
(04; s¢1) which have positive one-step-ahead conditional probabilities given ;. Since ¢ will
enjoy positive consumption in period 0, forwards induction implies that ¢ will have strictly
positive consumption on all finite paths which have positive probability with respect to the

truth. This, in turn implies that the first order condition will hold on all such paths.ll

Proof of Proposition 5.1:

Let 7* € {m...m,} be the true distribution of returns. Note that for a constant consumption

stream c*,

Zn 1925 [ T, ( crt+1< ))}:U’at (Tn) T (St41)
o (0" (20 6 (B, (V3 )] 1o, (7))

We denote by ¢, the sequence describing the rate of convergence of Bayesian updating on p:

§ :U’at Tn) Tn (Se41) -

0 (0) = |11y, — s-].
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Hence, if we can show that

Zn 1¢ [ T, ( atﬂ( l))] Ko, (7) T (St41)
61 (0" (S0l 61 [Bra (V)] o, (7))

converges uniformly to 7* at a rate of at most ¢, (¢) on the set of all consumption streams, we

(10)

would have shown that an ambiguity averse investor learns the truth at least as fast as a Bayesian
and, hence, according to Theorem 4 in Blume and Easley (2006) survives almost surely.

Suppose first that for every n € {1...N}, the total derivative of the function (10) with re-
spect to fi,, (m,) is continuous and uniformly bounded on the set of all possible values of

¢; [Ex, (V2. (c¢)]. Then, G is Lipschitz, see Lee (2003, p. 595), and there exists a con-

Ot+1

stant K such that

> ot 95 [Br, (Vayy (@) g, () T (s101)  Sonsy 1 [Br, (Vi ()] g, (0) T (041)

¢ (0t (S0 60 [Brs (Vi) o, (7)) 60 (07 (000 6 [Brs (Vi) oo, (7))
< K |ptg, = fig,|

It follows that for each path ¢ and for all ¢,

Zn 1¢ [ T ( Tii1 (C’))} Ko, (70) T (Se41) B ¢; [Ew . (Valtﬂ ( Z))] T (S141)
( (S 6 [Br (Vi) o, (7)) 0 [Br,e (Vi)
- ¢ [ ( Org1 (Ci )} Mo, (70) T (St41) e (01)
< ;! < n=1 ¢ Eﬂn (Vaztﬂ)] Ko, (ﬂ-n)>>

< Ke (o)

Since Ke; (o) has a rate of convergence of ¢, (0), it follows that the beliefs of the smooth
ambiguity-averse agents converge to the truth at the same rate as those of the Bayesian expected
utility maximizers.

It remains to show that for the special cases considered in this paper, ¢ (y) = —e~*, ¢ (y) =

Iny, ¢(y) = y” and ¢ (y) = = 2a , the condition on (10) is indeed satisfied. We start with

¢ (y) = —e~: in this case,

ZnN 1 ¢; [ ( Ottt ( ))] Mo, (Wn) Tn (St—i-l)
o (6 (S22 00 (B (Vi) o ()
ZnN:1 aeFm Vil ( n) Tn (St+1> .

>y ae Bl ()
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The derivative with respect to /,,, (77) is:
ae_a[EWﬁ (‘/l)]ﬂ-ﬁ <8t+1) Zflvzl ae_a[Eﬁn (%)]uat (Wn) —_ ae_a[Eﬂ'ﬁ(w)] Zi\le ae_a[EWn(Vi)]Mo_t (7]'”) 7Tn (St—‘rl)

N —a[Er, (Vi)] ?
<Zn:l ae AT IU“O't (Trn))
ae ®Fm VIS o ae™Em Wl (7)) (15 (5141) — Tn (Se41))]

N —a[Ery, (Vi)] ’
Zn:l ae e /'I’G't (ﬂ-n)

Note that E, (V) is bounded between 0 and an upper bound, M, given by the discounted

value of the consumption stream assigning the maximal total endowment of the economy, m’

alEry aM

to consumer ¢. Hence, ae™ (V)] is bounded between ae~*™ and «, and so the expression

in the denominator is bounded between [(N e oM )2 ; (N a)2] . Since the numerator is a finite
sum of uniformly bounded terms, it is also uniformly bounded. Hence, the derivative with
respect to /i, (75) is indeed finite and uniformly bounded on the set of all possible values of
s [E7r (V;H (e ))] , and, hence, on every path o. It follows that the total derivative of (10) is

also uniformly bounded.

Now consider the case of ¢ (y) = Iny. For this case,

Son1 & [Er, (Vi ()] g, () T ($101)
6 (67" (X161 [ (Vi) ()

ZN Poy (Tn)mn(se41)

n=1 E’“n (VUiH—l(Ci))

N 1 Mo’t (ﬂ—n) )
H (E,rn(vi (ci)))

The first derivative w.r.t. 1, (75) is

N— Nat(ﬂn) 1_25;11 Mot(ﬂn)
< 7 (St+1) __ 7rN st+1) ) H ( > (;)
Erp (Vgtﬂ( Z)) Ery Jt+1 (') n=1 Er, 0t+1(cz ) Exy (V;Hl(cl))

N-1 T 1- oy (Tn '
Ex Tn 0t+1 ) Eﬂ'N (V;‘t-ﬁ-l (Cl)) (def-ﬁ-l (Cl)) n=1 Ex (Valf+1(0i))

n=1
]i__[l 1 Hoy (Tn) 1 1= gy ()
n=1 E”n (VUitJrl (CZ)) EW (V;t+1 ( z))

i (85¢41) _ TN (st41) _ ln (V‘fbt+1(ci)) ZN Hoy (Tn)mn(st+1)
Er, (Vi ()  Exy (Vi () Er, (VE,, (c)) n=1 B, (Vi, ()

Tt+1 Tt+1 Tt+1

N-1 .“at(”n) X I—ngfuat(ﬂn)
H ( “n "t+1 )) <EWN<V‘}t+1(Ci))>

n=1
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E”N(vat+1<c _ — (1 E”N(V0t+1<ci)) N E”N(V;Hl(ci))
(Ew (Vaooy@) " (1) =70 (500) B (Vay @) ) 211 B, (Vi @) 1

(7n) T (St41)

(11)
Now note that for any n € {1...N — 1},

E7T (V;t+1 ( Z)) — ZSES 7TN (8) VOi;S (Cl)
E7r (Valt_,_l ( Z)) ZsES Tn (S) Vo?t;s (CZ>

Observe that by Assumption 4,
5 <ZSGS7TN()VUZts<i)<]-_5

Vz

ot;s

1—6 7 Y cgTn
holds for all possible values of (V. (¢))

bounded on all paths o. It follows that the total derivative of (10) with respect to (ugt (Wn))

() Vos () = 0
. Thus, examining (11), we find that it is uniformly
N

is uniformly bounded, as asserted.

For the case of ¢ (1) = 47,
> a1 91 [En, ( Vi ()
¢ (6" (S0 1 [Br (
St [Br, (Vo (€

(2

The first derivative w.r.t. i, (75) is:

' ([Br, (Vi (D] 7 (5000) —

(S (B, (Vi ()] <m>)”_1—
~ (S (B, (Vi )] g, () 7o (502) ) -

7Tn 3t+1)

)] Ko, Wn)))

(D] 1o, () Tn (s101)

y—1

(Er, (Vi ()]t (7))

| 1y, (7
Vz

Ot+1

[E (VZ ( i))]%l TN (3t+1)> :

Ot+1

2=

| (B, (Vi @] = [Ben (Vi (e im”)”f“ (S (B, (Vi (@] s, ()
. (Z [Eﬂ— (Vol'tle ( Z‘)):|’Y/'L0't (ﬂ-n))

([Bn, (Vi D] i (00) = [Br (Vi @) o (s00)) (S0 (B, (Vi (e
% (Zvjjzl Ex, (Vofm ( l))r Mo, (Tn) Tn (3t+1>> ([Ex, (Vjt+1 (N]" = [Exx (V;Hl

(2-3)
(Z Ut+1 ):|Fy’u0't (ﬂ-n))
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E’Tn (V;t+1 (Cl))
Exy (Vgt+1(ci))

bounded above and below. Hence, the total derivative w.r.t. (ugt (ﬂn))i\;l is also uniformly

By the same argument as above, on any given path o, all the terms are uniformly

bounded.

Finally, let ¢ (y) = by — ay” (where (E) = > %U( ")). Then, ¢' (y) = b — ary™ ! is
r—1

bounded below by b — ar (ﬁu (m/ )) and bounded above by b. ¢” (y) = — (r — 1) ray" 2

and is also bounded above and below. The derivative of (10) with respect to 1, () has the

form:

!/

S 04 [Bry (Vi (€0)] i, (1) 7 (5100)
(o (T (e (Vi) s (7))

< (Zd) o (Vi) o, (W)) :

0] [Br, (Vo ()] 7 (s11) = &1 [Eny (Vi (¢))] 7 (5141)]
9 (0 (T (B (V2 ) 110, (7))

[ [ (V)] = [Bey (V)] ( (i@ o (o)l W))’

Zn 1¢ [ T ( at+1( Z))} Ko, () Tn (St41)
[0t (67 (20 00 [, (V)] i () )]

It is easy to see that since the denominators are uniformly bounded away from 0, and since all

Koy (ﬂ—ﬁ)

other terms are uniformly bounded, the derivative itself is uniformly bounded for all values of

o; [Ex, (V2. ()], thus giving the desired result.

Ot+1

Proof of Proposition 5.2:

We showed in the proof of Proposition 4.1 that the preferences of all consumers are strictly
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convex. Hence, in the absence of aggregate risk, all consumers will be completely insured and

the price ratios will satisfy:
P (04 St41) _ ZnNzl Mo, (70) 700 (St415 01)

p (UtS 52+1) 25:1 Lo, (T0) 0 (5;+13 Ut)
forallt € N,all o, € ¥ and all s¢4, s}, ; € Si41. This implies that for all ¢ € N,

‘/Y(Zt,st+1)(cl) = Vv(lgt,s;_‘_l)(cz) = ‘/tz (CZ)

forall s;,1, s;,; € Si41. Hence,

N
Sl XD Vi@ malsenion) | i (ma) | = Vi(e)
n=1 St41€St+1

It follows that all consumers in the economy effectively behave as expected utility maximizers
with correct beliefs and, therefore, survive almost surely with respect to the truth.ll

Proof of Lemma 5.3:

By Proposition 4.2, we have

(¢ (o) _ AGICD) .
e S R e T
Hence
) S 1¢,[ ﬂn( oH_l( i))]unﬂn(su-ﬂ
ﬁ ) (¢ (o)) ﬁﬁl Gl T o CE) )
o (e Ut’8t+1>> uj (¢ (o1)) 6-25 1t (5141)

B 21 i [E’Tn (Vﬂit+1 (Ci))]”"ﬂ"(st*‘l)
( (Zn:l ¢i[E’Tn (Vdit+1)]”n))
1 P%

up (¢ (o1)) (¢ (075 5711))
ui (¢ (orssr4a)) (e (01)) H B3 Y e M (St41)
[E”n (V5t+1( .))]”n””(stﬂ)

(07" (Cns @i B (Vi 1) 1))
ﬁ Zn 1 MnTn (5t41)

t=

T
1
Zn
é;

Z

ui (¢ (or;sri1)) ; ' 01
/
’L

) L
ul (¢ (o7 s741)) 71)) 1_[1
b

corisria )
(

We are interested in the term limy_, o, = 7 In —— g

and u} (¢ (01)) are strictly positive and finite, it follows that limy_., 7 In H 0. Note

that
SN 6 [Ex, (VJ,, ()] pmn (5141) _ S @ B, (Vi (000))] 1, ‘
o (o7 (S0 0 (B (Vi) ) 0 (0 (S [Br (Vi) 1))
Zn L 0 [Er, (Ve ()] a7 (8041)
S oo & [Ery (Vi (0441))] 1

2
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and hence,

uj (¢ (or; 5711))
T—o0 uj (¢ (o7; 5741))

= [InB;, —Ing;] —

~ lLm l n 25:1 gb; [Er, (Vi(0u41))] th
fng ! ¢ (o (001 6 [Br, Vilori)] 1) )
Ly~ b 0 ama (s001)|

+ jim — 1 Sy OB (Vi )it T (5141)
t=1 SNy @B (Vi(oe 1) i

Proof of Lemma 5.4:

For & (y) = —¢ =¥, we have & (y) = ae ™, 6™ (y) = In (1)

1

o

L0 (07 () = aehY) =

—ay. Then,
¢ (6" (S0l 61 [Brs (V)] 1))
SN aeelBr Vil m
I ae g,

Proof for Example 5.1:

We will show that ¢ vanishes relative to j, i.e., the ratio of 7’s consumption relative to j’s con-

verges to 0, which would imply that ¢ vanishes. Since 3; = [3;, expression (2) reduces to

T
hm l ln M — hm l Z ln Zivzl Cb; [Eﬂ'n (‘/; (Ut+1))] [j,n
Tooo Tt (073 5741) T T g (o (S 00 [,y (Vi) 1) )
li 1 a In [27]1\[:1 My Tn (St+1):|
+ Tl—rgo f tzl —In SN G By (Vi(oe41)) by Tn (5141)

Z'r]:]:l d):, [Eﬂ'n (‘/i(a't+1))]“n
We conclude that:

1 U; (O'T; ST+1> Y l i In [ZnNzl M Tn (St+1)] 27]:[:1 ¢; [Eﬁn (‘/1 (0t+1))] M,
T=oo T (075 8741)  T=o0 T 4 Sy & [Er, (Vi (0152))] 17 (051)
(12)
Note that since
27127:1 925; [Ewn (V; (Ut-i-l))] Ky Tn (St+1)

>t O [Er, (Vi (001)]
is a probability distribution, we have that its relative entropy with respect to the true probability
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distribution, 327 1, 7, (s,11) is positive:

0t (se0) | SO0 4 (B, (Vi (0200))]

N
Z Zunwn (S¢41) |In > 0.

5t+163t+1 n=1 2;71\721 (b’/L [Eﬂ'n (‘/; (O-t‘i’l))] :unﬂ-n (St+1)

This value will be strictly positive on all paths, on which consumer ¢ is not fully insured. So

suppose that 7 is not fully insured. Then, since each [E,_ (V;(0.41))] is bounded between
0 and a maximal value, obtained when consumer i receives the maximal value of the entire
endowment of the economy m’ in each state and in each period, it follows that each of the
terms ¢, ([Ey, (V; (0411))]) is bounded between [e‘ﬁ“(m/); 1]. It follows that all summation

terms on the r.h.s. of (12) are uniformly bounded, and so is their average. We conclude that

ui(or;sT41)

In u(oT;isT+1)

:lp behaves as a submartingale and, hence, a.s. converges to a random variable with
a positive expected value. Hence, ¢ disappears in expectations and with positive probability.
It remains to show that ¢ will not be fully insured against ambiguity in equilibrium. To see that

this is true, assume to the contrary that ¢ is fully insured against ambiguity, i.e.
Er, (Vi(o1)) = Ex,, (Vi(01))

forall o0, € Y and all n, n’ € {1...N}. In this case, the first order condition (1) implies:
W (0 (013501)) Sopy i (s1) _ uf (¢ (033 5041)) Sopy T (5t1)

. K N - N . N .
uj (¢ (04 8141)) Dot M (Sh41) U (¢ (043 8141)) > net M (S141)
Hence, the resulting equilibrium would coincide with the equilibrium of a representative agent

economy, which is identical to the one under consideration, except for the fact that both 7 and
j are expected utility maximizers. In this equilibrium, the representative agent simply con-
sumes his initial endowment stream. However, by presumption €’ (s1) # €' (sq). Hence, in the
equilibrium of the representative agent economy, agent ¢ will not be completely insured against

ambiguity, since, e.g.
E., (Vi(o2)) = m (51) (ei (51)) + 7 (82) U (ei (32))

N
00 (Do e | D Vilows)ma(s) | | #

n=1 s€{s1;s2}
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# L, (Vi(02)) = T (51) u’ (ei (81)) + T (82) U (ei (82))

+6,07 |:Z o; ( Z Vi(02;8) T (3)) Mn]

s€{s1;s2}

as long as 7, # m,, i.e. as long as the economy has non-trivial ambiguity. We thus obtain a
contradiction to the assumption that ¢ can be completely insured against ambiguity.
More generally,

Eﬂ'n(‘/i<0't+1)):7rn(51) |:Ul( (Ut,Sl +5¢ |:Z¢( Z Vz‘(Ut;SHS)Wn(S)) Mn]]

s€{s1;s2}

n=1 se{s1;s2}

+7, (S2) [UZ( (Ut,52 +5¢ [Z¢z( Z Vz‘(Ut;Sz;S)Wn(S)) Mn]] i

se{s1;52}

# Er, (Vi(02)) = 7w (s1) |:Ul (Ci (o; 51 + 8,07 " |:Z¢ ( Z Vi(oy s158) my (5)) Nn]]
+7,0 (82) |:u" (ci (o4 82 + 5, gb |:Z ?; ( Z Vi(04; 82;8) mn, (3)) Hn]]

s€{s1;s2}

Proof of Lemma 5.5:

¢ (y) = by — ay” (where (%)ﬁ > ﬁu (m')). Then, ¢’ (y) = b — ary" ! and ¢" (y) =
— (r — 1) ray"? is decreasing in y, implying that ¢’ is concave. Then, since ¢ is concave,
> om0 [Er, (Vi) 1
o1 (0" (S0 64 [Br, (V)] 1))

§ S B, VA, XN 6L, (V) s,
— (o (00 (S0 B ))) 60 (20 Bry (Vi) 1)
o S OB Wl _ | g

T (T G (Vi p )

Proof of Lemma 5.6:

For the case of ¢ (y) = Iny, we have ¢’ (y) = é, o (y) =e, ¢ (o7 (y) = 3 = eV
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Hence, the additional discount factor (5) can be written as

( Zéfl ; (Yn) )) gt -
d’; ¢z‘_1 Zfzvz ®; (Yn) t al 1\ T
1 I1(:)

where the inequality immediately follows from the relation between the arithmetic and the
geometric mean.

For the case of ¢ (y) = y”, we have

N N _
Yot D5 (Un) pi U ey

= g

(15; <¢;1 (ZTJLI ®; (Yn) Mn)) (ijzl yzlun> ~

y N
(Z yl%) > (Zylun) :
n=1 n=1

N ~v—1

Since for vy € (0;1)

(Zfzv:l y%un)
obtains. In both cases, the equality holds if and only if y,, = v, foralln,n’ € {1..N}.1

Proof of Proposition 5.7:

First, we rewrite condition (2) as:

: (Cl (o7 8741)) _
i in 7 (orsmy)) — P~
A o 1Y) P R

7T t=1 (b; <¢;1 <Zg=1 b [E,rn (Vi (Ut+1))} Mn)) Zn:l [y T (8¢41)

1 T N
+fim 73 [ln [Z i (11

n=1

+1In

)
25:1 My T (8t+1)

_ lim l 0 Zn 1 0 [Er, (Vi (0041))] 1, (S141) 1
Tl—m r tzll ¢; (ﬁbz (Zn 1 9 [ ( (O-t—l—l))} Mn>> 25:1 [y Tn (S¢41)

— lim =
T—o00 T

s 01 B,y (Vi(000))] pama (s11) !
tn —2zn= ¥ (13)
; 6 (S0l 6 [Br, (Vi(o0s))] 1) ) Eoa i (510)

Suppose that ¢ dlsappears on o. Since endowment is uniformly bounded below, it follows that

the consumption of j is uniformly bounded below. Furthermore, endowment is also bounded
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above, and hence, v (¢’ (075 s741)) € (v (m') ;0 (m)). Since limp_o ¢ (07) = 0,

jlgrolo w; (ci (or; 3T+1)) = o0.
It follows that if ¢ disappears, the r.h.s. of the equation must be positive in the limit. Conversely,
if the r.h.s. of the equation is positive, limp_.o, u} (¢' (o7; s741)) = o0.
We proceed in two steps. First, we show that all of the terms on the r.h.s. are non-positive in
expectations. Second, we show that the term on the r.h.s. is bounded. This implies that we can
apply the Martingale convergence theorem: the r.h.s. converges pointwise to a random variable
which is negative in expectation. Since ¢ survives on all paths, on which the r.h.s. of (13) is

non-positive, this implies that 7 survives with positive probability and in expectations.

Step 1: We want to show that:

>t 95 By (Vi (0641))] T (5041) 1
¢; (¢;1 (ZnNz1 o8 [Enn (Vi (Ut+1)>] /%)) 25:1 HnTn (8141)
Denote by y,, =: Er, (Vi (0411))-
Case 1: For ¢ (y) = In (y), we have ¢/ (y) = 1, 07" (y) = ¢¥, ¢/ (67" (y)) = & = ¢ . The

expression above then reduces to:

FE |In

>0, (14)

E1l Z711\7:1 ylnlu’nﬂ-n <5t+1) 1
n
eXp (_ (Zi\[zl Mo, In yn)) Zivzl My, T (St+1)
= Eln Cns gotian (s41) 1
_eXp (27]:[:1 oy In y%) Z7]7:7:1 My T, (St+1)
= Eln Yo i“n”n (st+1) 1
3 1\Hn 27]:[:1 [y T (St41)
[1()
L el
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Note that this term exceeds 0 if and only if
01t (sk)

K i gt (s6) 1

Yn

N 5
k=1 ﬂ < 1 >,un anl My T (Sk:)
n=1

or N
En:l HpTn (Sk)

ﬁ Sony g (se) 1

Yn

k=1 H < 1 )“n D et M T (Sk)

n=1

For the special case of N = 2, this reduces to:

y1*“1 y,ul Zi:l l‘nﬂn(sk)
K f—_mﬂlﬂl (sk) + y;Tlﬂ27T2 (sk)
1<II1= (15)

2

Note that the expression on the r.h.s. obtains a value of 1, when z—f = 1. Denote = =: Z—f Hence,
the inequality will be satisfied if the expression

K _ Zi: HnTn (Sk)
H(memm+ﬁmmmU 1

2
k=1 anl Mnﬂ-n (Sk)
obtains a global minimum at x = 1. The first derivative of this expression (omitting the con-

stants in the denominators) is:

2_ nTn(sk)—1
K | (1= py) a7y (sk) — pyz™7 (1 — py) o (si)] [$1_“1M17T1 (sx) + $+1MQ7T2 (Skﬂzn_lu (#%)

— Zi: nTn|Sg
3 S22t () [T (0 pym (s) + she i (s5)) = )
k=1 k#£k
and the first-order condition is becomes:

K 1 1 Z?L:l Mnﬂ-n (S];)
H (x Mgy (si) + HaT) (s,;)) )
k=1 L

= - [(1 - )x_“l ™ (s )— x 1 (1 — )7r (5 )]
3|2t () PR S m)m sl
k=1 Ln=1 [xk“l#l”l (sk) + Za1 MaT2 (Sk)}

K . 1 Zi:l “nﬂ"(sfc)
T (o () + e s ) -

k=1
K [ 2 _
[(1 = pag) pyma (s1) =y (1 = py) o (51)] _
D3])yyEAm -0
2 [wpym (%) + 172 (50)]
Eliminating the first multiplicative term (which is always positive), we obtain the condition for

n=1
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a local optimum:

i [i o (sy) LT H) T (k) — ma (- p)m(sol| _

—1 [Tpy 1 (s8) + pama (sk)]

n=1

[z (k) — 72 (k)] B
nz“””” ) Tagur (50) + poma (o)l

K

2

i [[um (6) + poma (si)] [ams (sw) —m2 (sw)] | _ (16)

—~ [y (sk) + pom2 (k)]
Note that for x = 1, the above expression becomes:
K

S (se) — w2 (s3)] =0,

k=1
hence z = 1 is a local optimum. We now check whether other local optima exist, by analyzing

whether (16) has multiple roots. Taking the first derivative of (16), we find that it is positive for

any x:

s s o ) S ) o )] s o) oms s)  7 0)

(e (s) + pamz (si))”

k=1
K

= 71 (sk o (Si fam1 (k) T2 (sk) + pama (si) T2 (Sk)
;[ml (1) + s ()] P TR O 80 }>0

Since the r.h.s. of (15) becomes +oo for x = 0 and for z — oo, we conclude that x = 1 is a

global minimum, implying that (15) is always satisfied.

Case 2: For ¢ (y) = 7, (14) reduces to:

~y—1

N ZN S
Z Z :unﬂ-n (8t+1) hl ZN = lﬂnﬂn St+1 (Z ynll’n) S 0

n=1 5t+1€S n=1 y’l’L Mnﬂ'n st+1 n=1

ZnN 1 :unﬂ_n (5141) o
Z >t (s041) <In Zynun (17)

n=1 s;;1€9 Zn 1yn Man (8t41)

Since
1—v 1—~

N - N -
In (Z yl/%) > In <H (yZ)””) :
n=1 n=1
we will show that:

n=1 s;41€S n=1 Yn ,unﬂn (St-i-l)
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which implies the inequality in (17).

a i ZN— My T (3t+1) a 1
DD maa(see) In | S < ][y
n=1

1
n=1 St+1€S _Zn:l yg /’Lnﬂ-n (St+1>_

N [N -1 N
Z Z L4, T, (St—i-l) In Zn:]lvyn M T (St+1) 2 In H yr(l’Y—l
n=1

n=1 s;4+1€S L Zn:l II"L’VLﬂ-n <8t+1>

N
Zn:l :u‘nﬂ—n(sk)

SNy (i)
H [ ZnNzl Mo T (Sk)

N
> H yév—l)u
n=1

k=1
When N = 2, we obtain

Zi:l Hpn T (Sk)

K - - 2
yl 1M17T1 (s) +ys 1#27T2 (sk) > (v—1
H N = H Yn

Y71 Yy Sy Hnn(sk)
K (v DIEWCE O o M7 <3k) + (w 1)u1 (7 D) 2T 2 (Sk
H S N >1

k=1 n 1 My T (Sk)

k=1

Ym0 —) (- >t (s8)
(1 T a—ep M1 (sk) + _(1 g HaT2 (sk)

K
I =

k=1 n 1 :unﬂ-n (Sk>
1 gl
Now set z =: yj to obtain
K - _ et B (sk)
1 [xﬂ 1 (si) + @ payma (1) | -
N — 5
which was already shown to hold for all x.
Step 2: We want to show that the term
1 >t G B (Vi (0041)] o (5041) 1
~ i 7 Zl

o (67 (S0 4 [Bn, (Vi (0020))] 1) ) i o (512)

is uniformly bounded.

We begin by showing that each of the terms
S BB, (Vi) i (s101)
¢ (0" (001 6 [Br, (Vilori)] 1) )

has a global maximum.
Case 1: For ¢ (y) = Iny, rewrite
N
D ont o bnTn (S141)

o (- (o))

—1In

(18)
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as
Zry]j:l yln:unﬂ-n (St-‘rl)
exp (— (ZL [y, In yn)>

ST (8) + oo paTs (5)

Y yi
= —In 3 g = —1In T, M1 (3) + (1 - Ml) T2 (S) .
()" ) '

—1In

1 Y1 2

Y1 Y2

As above, let z =: z—j, then we are looking for the minimum of the function

o Ty (s) + T (L= pg) o (s).

The first derivative is:

(1= )™y (s) =y (1= py) a7ty (s) = 0
7 (s) —x tmy(s) = 0

s o= (s)

T2 (S)

Note that for x = 0 and at x = oo the function diverges to +co. Hence, x = Z;Eg is indeed a

global minimum. The minimal value of the function is

i3] e [

} (1 —py) m2(s)

(
™2 ()" [t (s )+(1_N1 ]:'R'
T (5) T2 (S) 0

Case 2: For ¢ (y) = y7, note, as above that
Lfl
| >t T (8e41) (ZnNzl y;’un) ’ )
—1In
Y1 Un T (S141)
11 N a1
S it (1) (Sl i) Sl it ) (I, 00™)
ZnNzl yzilunﬂ'n (StJrl) B Zflv:l y%il,unﬂ'n (5t+1) .
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Hence,

=1 -1
N N N
St (sen) (S0 v ) Syt (i) (T )
I N v—1 S In N v—1
Dom1 Y My (St41) Done1Yn M (St41)
N _
D DAY T C2Y
Yo it (sen) [T w2
r yglf"/)(lful) %1*“7)#1
1 ygl—"/)—(l—ul)ulﬂ—l (sk) + —yél_wl o2 (Sk)
= —In
N
Zn:l Mnﬂ-n (Sk)
— _h )y (si) + @ pymo (si)
= N
| Y ne1 T (Sk)
1—y
where z =: (Z—f) . The maximum of this function can be found exactly as above and we

conclude that
N _
anl Y 1Mn7Tn (3t+1)

—1In 71 S K().
St (1) (S0 v, )
It follows that for all T,
T-1 N 1
1 n=1 3, MnTn (S _
LS, Tl
=t exp (_ (Zn:l M In yn>)
and
T-1 N -1
1 = ?/% nTn S [
—ﬁZh’l Zn_l a ( T+1) ~—1 S 0>
14 N

! Zn:l HpTn (St—i-l) (Zﬁle y%un> !
thus establishing a uniform upper bound on the r.h.s. of (13).

Next, we show that the r.h.s. of (13) is also uniformly bounded below. Note that the Lh.s. of

. . . . u;(ci(UT;sT_H)) ué(ci(aT;sT_‘_l))
(13) will be negative for a given 7" only if T @ lorisrs 1)

w(¢?(om;sTy1))

< 1, hence only if

1, where m is the lower bound on the initial endowment of each of the consumers. This
implies ¢’ (o7; s741) > m. This, in turn, implies a strictly positive lower bound on every
Yn = E,, [V'(0741)], which is obtained when i’s consumption stream assigns m to the node
(or; s711) and O-consumption on all consecutive nodes. Simultaneously, there is also an upper
bound on y,, defined by the maximal consumption ¢ can enjoy in a given period, m/'. It follows

1—y
that the terms z—j and also (g—f) are uniformly bounded away from 0 and from oo at all nodes

’U,; (Ci (O'T ;ST+].)

or such that W (I (orssren)

< 1. Since the terms (18) and (19) can diverge only if z—f approaches
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0 or oo, it follows that these terms are uniformly bounded below. Let ko, respectively, /;;7 denote

these lower bounds on (18), respectively (19). It follows that for each 7',

L, Y e o (57)
n

TS e (- (T )

> ko

and

T-1 _
1 Z Sy (S741)
T-1 =1 N N ~y ’YTil
- anl M T (St+1) (anl yn:un)

. 15 (i (orsran))
Combining Steps 1 and 2, we conclude that —# In (@ orre)

> k..

is a bounded supermartin-
gale. Hence, it converges almost surely to a random variable, the expectation of which is nega-
tive. Therefore, limy ., v, (¢' (07; s711)) # oo holds with strictly positive probability and in

expectations.ll
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