Where to Live?
Wages, Community Composition and Public Goods *

Jaime Luque
Department of Economics
University Carlos IIT of Madrid

japluque@eco.uc3m.es

* This paper was presented at the 2009 APET in Galway, the 2008 PGPPE Workshop in Bonn,
2008 ASSET in EUI (Florence) and the 2007 European Winter Meeting of the Econometric
Society held in ECARES-Université Libre de Bruxelles. I thank the comments of these audi-
ences, and especially Nizar Allouch, Marcus Berliant, Piero Gottardi, Hideo Konishi, Emma
Moreno and Myrna Wooders for their comments and suggestions. 1 am particulary grateful to
my supervisor Mério Pascoa. Of course, all errors are solely mine. The financial support of
the “Fundagdo para a Ciéncia e a Tecnologia” (FCT, Portugal), INOVA and the “European
Science Foundation” (ESF) through the activity “Public Goods, Public Projects and Exter-
nalities” is acknowledged. ADDRESS: Departamento de Economia, Universidad Carlos III de
Madrid; Calle Madrid 126, 28903 Getafe (Madrid), SPAIN.



Abstract We analyze the group composition problem that arises when wages
depend on a profile of different types of labor and consumers have different tastes
for public goods. The interaction between the distribution of tastes and labor
skills leads to a stratification of the society, which has important socio-economic
implications in public policy (production, tax system and inequality). We pro-
vide an equilibrium model with local public goods and collaborative private
production, where heterogeneous communities are compatible with a context of
anonymous crowding. Entrepreneurs guarantee efficiency by offering the pol-
icy package that best fits with the consumers’ desired pattern of jurisdiction

composition.

JEL Classification: C62, D71, H4, R1.

Keywords and Phrases: local public goods; collective consumption; collab-
orative production; wages; trade-off; heterogeneous community; competition;

efficiency.



1 Introduction

This paper addresses an important and long standing question in public policy:
how the individuals’ decision of where to live is related to the wages they are paid
in the private production of their jurisdiction and the happiness obtained from
the use of its public goods (schools, hospitals, clean air, ...).! ? An immediate
consequence of the individuals’ decision making is the stratification of the soci-
ety into different patterns of communities, which has important socioeconomic
consequences for public policy, e.g. production, tax system and inequality®. Al-
though some normative and empirical analyses on this issue have already been
done (for instance, Bayer et al. [7], Benabou [8] and [9], Roback [33], Glaeser and
Mare [18] and Glaeser and Sainz [19]), up to our knowledge, there is not a satis-
factory equilibrium framework that analyzes this economy from both descriptive

and normative perspectives.

We insert this analysis into the existing literature of local public goods. The
closest paper is Konishi [23], who models a Tiebout economy where consumers
sort into jurisdictions because their offer of public goods and the exogenous
wage linked to each jurisdiction type. Our main departure from Konishi is that
we endogenize the production technology (and thus the wages) and make it
dependent on the profile of worker types in a jurisdiction. This further step is
crucial for the study of the different possible patterns of community composition.
The idea is that if the private production in a jurisdiction is collaborative® and

pays high wages, then the individuals will prefer to group into a heterogeneous

!See Tiebout [40, p.418] for the question of what variables influence the individual’s choice
of municipality.

2The comparison between the public and private sectors is in our days an issue subject
to a profound debate in the economic policy arena. Two different conceptions dominate:
more versus less market oriented economies, e.g. New York (USA) versus Helsinki (Finland),

respectively.
3For instance, see Freeman [16] and Mookherjee and Ray [30] for the inequality within a

community.
*Glaeser and Saiz [19] provide an empirical justification of the fact that skilled cities are

growing because they are becoming more economically productive (relative to less skilled cities),

not, because these cities are becoming more attractive places to live.
®The production technology is collaborative if the production requires more than one type

of agent (labor input) in order to result in a positive output, i.e. it exhibits enhancing skills.
Recall the standard definition of enhancing skills, which requires the marginal productivity
of one type of inputs to be increasing in the amount of other input. Typical examples of a

collaborative production are the Leontieff and Cobb-Douglas technologies.



community such that the pattern of community composition fits with the labor
complementarities required in the production sector. Moreover, the existence
of an heterogeneous community is compatible with the standard assumption of
anonymous crowding in the consumption of public goods: individuals care only
about the level of congestion of the public goods and not about the identities of

the other individuals that make use of them.

Our model introduces new aspects in the literature of local public goods. We
model the private goods production to be done within jurisdictions, so that wages
are both type and jurisdiction specific. This treatment of the production differs
from Wooders [41], who makes the production only dependent on the size of the
jurisdiction. Also this assumption enriches the model by bringing it closer to
reality, since the jurisdiction-type specific wage rate results in different wages
among the different individuals of the jurisdiction. However, in order to impose
such assumption, we must prevent the workers to commute among jurisdictions
in order to profit from wage differentials. That is, we allow for free mobility
for the individuals in their decision of which jurisdiction they want to live, but
once the decision is taken they must work in the existing industry of their own

jurisdiction.

Our treatment of firm organization is close to Zame [42], who integrates firm
theory into a general equilibrium framework a la Arrow and Debreu [4]. The
main difference from Zame [42] is that we want to focus on the trade-off that
consumers face when choosing their place of residence (and work): wages versus
public goods. For this, we integrate the theory of local public goods and firm
theory. Thus, we remove one of the last remaining original Tiebout’s assump-
tion: “no restriction due to employment opportunity”. We do not introduce
any contractual problems into the model (skills are observable and adverse se-
lection problems are ruled out). Our attention is primarily oriented towards the

properties of societal stratification.

Our treatment of the group composition problem differs from the previous
literature of jurisdiction/club formation. Alesina and La Ferrara [1], Conley and
Wooders [11] and Ellickson et al. [15] addressed the issue of the individuals’
participation in heterogeneous communities, but in a different context. They
consider an economy where the consumers have preferences on the other types
of consumers (referred as non-anonymous crowding in a context of local public

goods) and this is the final source of heterogeneity in their models. A well known



result (Scotchmer and Wooders [36]) is that in a public good economy where
the consumers only care about the level of congestion (referred as anonymous
crowding), the jurisdictions result in homogeneous communities (see also Konishi
[23]°).  Our paper models jurisdictions with both local public goods (subject
to anonymous crowding) and private collaborative production. The source of
heterogeneity in the community is a consequence of the wages obtained by the
consumers in the collaborative production and not because of the consumers’
preferences on the other types of consumers with whom they share the public

goods.

In a recent paper, Konishi [22] addresses the issue of existence of heteroge-
neous clubs in a context of anonymous crowding. However, even if the result
seems similar to ours, the source of heterogeneity is totally different. There,
mixed clubs result and are efficient if clubs have multiple facilities (e.g. gym
and swimming pool) with economies of scope, whereas in the present paper het-
erogenous communities arise due to the labor complemetarities in the private

production process.

The issue of whether heterogenous communities would become possible in
an environment of anonymous crowding was first addressed by Berglas [10]. He
showed that it is the interaction between the distribution of tastes and labor skills

7 This work motivated

that leads to different patterns of mixed communities.
important subsequent contributions in the topic of the formation of mixed com-
munities.® In particular, McGuire [29] builds a concise diagrammatic analysis of
the group composition problem, including conditions under which Tiebout con-
figurations dominate Berglas-groups. However, both Berglas [10] and McGuire
[29] addressed a purely normative analysis, but left aside the issue of existence
of equilibrium. Those models suffer several shortcomings that prevent the study
of existence of equilibrium. In particular, the approach through differential tech-

niques is not appropriate when considering the population as a finite and discrete

6Konishi’s [23] purpose is to prove that the Tiebout’s solution to the Samuelson’s [34] free
rider problem holds in equilibrium, and for that he assumes that the Jurisdiction Managers
only have information on the distribution of consumers’ preferences. There, the jurisdictions
result homogeneously populated as a consequence of the imposition of a zoning constraint that
makes crowding effects anonymous.

"This contrasts with the well known result that identical individuals tend to concentrate in
homogenous communities if the economy exhibits anonymous crowding (see Schotchmer and

Wooders [36]).
8See Bartolome [6], Benabou [9], McGuire [29] and Schwab and Oates [37].



set. This well known “integer problem” was first analyzed by Pauly [32] and con-

cisely summarized by Starret [39].

Our objective here is to analyze the group composition problem that arises
when wages depend on a profile of different types of labor and consumers have
different tastes for the public goods. Section 2 starts with an example. Section
3 establishes the model. Section 4 gives the main results: existence of equili-
brium, efficiency, and conditions for heterogeneous communities. The Appendix

is reserved for the proofs.

2 The Example

Let us begin with an example of the group composition problem: enhancing skills
imply that individuals want to form heterogeneous communities with different
types of labor skills in order to achieve high wages in the private production
sector. On the other hand, individuals with the same tastes for public goods
want to sort themselves into homogenous communities in order to consume their
most preferred public goods. The interaction between the distribution of tastes
and skills leads to different patterns of community composition. We want to
compare several types of jurisdictions. For that, we take as given the supply of
the different jurisdictions types. Later, in the Section 3, we model the offer of

jurisdiction types by entrepreneurs.

COMMUNITIES AND PUBLIC GOODS: Let the economy be composed by 10 con-
sumers of type 1 and 10 consumers of type 2. The number of consumers of type
6 = 1,2 in a jurisdiction is denoted by ngy. There is only one perfectly divisible
commodity used for consumption, which price is 1. The endowment of a type 1
consumer is e! = 3 units of the commodity, while a type 2 consumer is endowed
with e? = 1.5 units of the commodity. There are two available public projects:
an airport (¢g;) and a subway (g2). Individuals of different types have different
tastes on the two public goods, and therefore, different utilities associated to
those public goods. The cost of both public projects is the same: 20 units of
the commodity. In order to focus our attention on the utility derived from each
public good for each type of consumer we fix the level of congestion of the public
goods. We do this by fixing the number of consumers that form a jurisdiction to
10. Of course, in the model below the level of congestion is a variable of choice

for the players.



PRIVATE PRODUCTION SECTOR: There are two possible private production tech-
nologies available to a jurisdiction. One of them is a Cobb-Douglas production
function of the form y® = 10nY°nd®. This production is collaborative in the
sense that it is not possible to produce a positive amount of output by using
only one type of inputs (also referred as the production exhibiting enhancing

skills). Let the type 6 consumer’s wage if the production is y© be denoted by «j.

Then the associated profit to y¢(ny, ny) is 10nY°nd® — a$n; + ajny. The compet-
itive wages that make zero profits for this technology are o = 5 (ny/n;)"” and

a§ = 5(ny/ny)"” . Observe that the community that results in equilibrium is the
one formed by the same number of type 1 and type 2 consumers. Otherwise, some
consumers would block the coalition and improve by grouping themselves into a
community with n; = ns. Since we fixed the level of congestion in a jurisdiction
to 10 consumers, we have that the optimal crowding profile is (n1,n2) = (5,5).
Then, the competitive wages become af = 5 and a§ = 5. Next, let us consider
the following bounded CRS private production technology with perfect substi-
tutes labor inputs: y* = 3n; + 0.5n9, with ny < 10. This technology leads to
homogeneous communities if consumers of different types prefer different public
goods (since the production is not collaborative). The corresponding competitive

wages are af = 3 and a5 = 0.5.

UTILITIES: In order to fix the population of a community to 10 individuals,
we assume that ug(x, g,n) = —oo if n # 10. Otherwise, the following specification
of the utility function holds. The utility of both types of consumers is separable:
ug(z, g,n) = ug (x)+=ug (g) , 6 = 1,2. We assume that u; (z) = us (z) =z € Ry,
so all consumers have the same preference for the consumption of the private good
(later in the model this assumption is dispensed). Also let Lu; (1) = Lus (g2) =
60/10 and ~uy (g2) = *us (1) = 20/10, (where n = 10), meaning that the type

1 consumer prefers the airport, whereas the type 2 consumer prefers the subway.

SAMUELSONIAN LUMP SUM TAXES: In order to cover the cost of providing the
public good, type 6 consumers are charged a non-anonymous Samuelsonian

lump sum tax tg (g, (n1,n2)). The following expressions hold:® t; (g1, (5,5)) =
ty (g2, (5,5)) = (6/8)(20/5) = 3 and t; (g1, (10,0)) = t2 (g2, (0,10)) = 20/10.

90bserve that the ratio g refers to the marginal contribution of a type 61 consumer when

the public good is g;. The marginal contribution of a type #2 consumer with the public good
g1 is %. The ratio 25—0 refers to the cost of the public good divided by the number of consumers

of type 6.



INDIVIDUAL’S OPTIMIZATION PROBLEM: The maximization problem that a
type 0 = 1,2 consumer faces in a jurisdiction type w is Maz(y} ug () + 1ug (7)
subject to x + 12 < a’ + ¢’. The following table depicts the indirect utilities for
each class of consumer under the relevant jurisdiction types. The other possible
jurisdiction types obviously result in a lower payoff and, therefore, are omitted in
the table below. Also observe that the payoff of jurisdiction ws is only relevant
for type 1 consumers, since the population of the jurisdiction is only composed
of consumers of this type. In that case (Us(ws)) we write n.a. (does not apply).

The same reasoning applies to the jurisdiction type wy.

Jurisdiction types U, | Uy
w1 = (y% g1 and (n1,n9) = (5,5)) || 11 | 6.5
we = (Y% g2 and (n1,n2) = (5,5)) 8 |95
ws = (y°, g1 and ny = 10) 10 | n.a.

wy = (¥°, go and ny = 10) na.| 6

NONCOOPERATIVE GAME: Given the above payoffs, the following two players
Nash game holds:

1\2 w1 W2 Wy

wi || 11,6.5| 0,0 0, 6
Wa 0,0 8,95 0,6
w3 10, 0 10,0 | 10, 6

There are two Nash equilibrium: (wy,w;) and (w3,ws).'® Observe that the

former (wy, wy) gives (strictly) higher payoffs than the latter (w3, ws). The Pareto

10The logic behind the table follows by doing comparative-statics. First, we show that,
although type 2 consumers would obtain a higher utility under the project ws, this type of
jurisdiction would never result in equilibrium. To see this, note that type 1 consumers prefer
the jurisdiction type w3 to wo, and the formation of wj is feasible for type 1 consumers since
it does not require other types of consumes for the jurisdiction to be formed. Thus, w3 is a
better alternative for type 1 consumers than ws. But this implies that ws is not feasible since
it requires half of its population being type 1 consumers. This problem does not occur for the
type 2 consumers when comparing jurisdiction wy (a feasible jurisdiction for type 2 consumers
since it only consists of consumers of their own type) with jurisdiction ws, since wy gives a
higher payoff for these type 2 consumers than w4. Thus, we can conclude that jurisdiction type

w1 is the one formed in equilibrium.



superior equilibrium jurisdiction is w; : it offers the public good ¢; and has a
crowding profile of 5 individuals of each type, so that the proportions satisfy the

optimal proportions for the production technology y°.

Two important points can be highlighted from our example. The first one
is that, in order for a jurisdiction to be formed, the individuals must want to
participate in it (in the sense that every individual type does not have a better
feasible alternative) so that the specific profile of consumers’ types is fulfilled (a
consistency condition). The second is that, although the depicted equilibrium
results to be in pure strategies, we could have used other parameter values and
obtained a situation where an individual is indifferent between two (or more)
jurisdiction types. That is, an equilibrium in mixed strategies seems possible
at first sight. Therefore, it might be surprising to find an equilibrium in pure

strategies. These two points are addressed in our model below.

3 The Model

We consider a one-period economy with two classes of agents: consumers and

jurisdiction managers, the latter also referred as entrepreneurs!! by Tiebout [40]
and Mackowski [26]).

There is a finite set ® = {1, ..., 0} of agents’ crowding types (or external char-
acteristics). A crowding type is of a complete description of the characteristics
of an agent that are relevant to the other members of his jurisdiction. In this
paper these external characteristics take the form of labor skills and tastes for
public gods, and we assume them to be observable (as Ellickson et al. [15]).!?
Consumers with the same crowding type 6 € ® have the same labor skills and
same tastes for public goods. We find this assumption convinient in order to an-
alyze the group composition problem that arises when wages depend on a profile
of different types of labor and consumers have different tastes for public goods.
However, we allow consumers with the same crowding type to have different

preferences on the consumption of private goods (see below).

' Entrepreneurship is a well established concept in public policy. For example, the city
of Chicago’s plan to transform its public housing is currently involved in rebuilding several
sites as mixed-income communities. There, a developer uses private money to leverage private

investment, builds public housing within mixed-income developments and owns the real estate.
12Qbserve that we could have gone further and associate to each observable crowding type

(skills) an unobservable taste for the public goods (as Conley and Wooders [11]).



The set of consumers is a nonatomic finite measure space (I,Z,v), where [
denotes this set, 7 is a o-algebra of subsets of I and v is the Lebesgue measure.

The set of type 6 consumers is denoted I(6) € Z, with associated measure v(1(0)).

We refer to a consumer of type 6 as 6; (e.g. two consumers of the same type
are differentiated by writing 6; and 6 with i # /). We denote the number of
type 6 consumers in a jurisdiction w by n’ € N, (a positive natural number).
The crowding profile of jurisdiction w is then a vector (n?)gce. The number of
consumers (level of congestion) in a jurisdiction w is given by n,, = Y oco n?.
Let us define 63 as the proportion of type 6 consumers in jurisdiction w, that is,
B’ = (n? /n,) € [0,1]. We refer to (5, = (B

" as the jurisdiction w’s crowding

0
oo
profile of proportions. We shall say that two jurisdictions w and w’ have the same
0

wl.

crowding vector of proportions if for all # € ©, BZ =

We impose the following two assumptions in order to model negligible clubs

with respect to the whole economy.

Assumption 1 (Large Population): There is a continuum of consumers of

each crowding type.

Assumption 2 (Finitely Populated Jurisdictions): Each jurisdiction w has

a finite number of consumers, that is, In, < 0o : n, < Ny,.

Assumption 2 requires a finite upper bound on the number of consumers in a
jurisdiction, independently of their type. Then the whole set of consumers splits
into jurisdictions, which are assumed to be finitely populated. This implies that
a continuum of jurisdictions must result in order to match all the consumers into
jurisdictions (Ellickson et al. [15] and Konishi [22] and [23]). Wooders [41] first
pointed out the need of Assumption 2, under the name of strict small group ef-
fectiveness.'3> Assumption 1 is standard in the literature in order to avoid integer
problems that result in nonexistence of equilibrium (see Kaneko and Wooders
[41]). Recently, Allouch and Wooders [2] have dispensed with Assumption 2 by
assuming “Desirability of Wealth”, so large political jurisdictions (such as states
or countries) become possible in equilibrium. In the present paper we model
small communities as entrepreneurial organizations, and thus prefer to keep the

14

idea of macroscopically negligible jurisdictions.”* We have in mind districts,

13Note that we assume a continuum of consumers of each type and hence the condition
that the total population of consumers of a given type exceeds the upper bound (finite) is

immediately satisfied.
!4This is analogous to Aumann [5] pioneering concept of negligible agents.

10



counties and villages when referring to jurisdictions.

The set of commodities is L = {1,...,1,..., L} . The commodity price vector
is p e ]R'f', where |L| denotes the cardinality of the set L. There is a finite
number of indivisible public projects, in the sense of Mas-Colell [27]. The set
of public projects is denoted by G = {1,...,¢,...,G}. A public project consists
of a discrete set of public goods such as schools, hospitals, parks, water supply
systems, etc. In the economy there are several jurisdiction types offered by the
jurisdiction managers to the consumers. A jurisdiction type w is characterized by
a policy package (g, (ni) eo ,Yw), where g, is a private production technology
(described below) , (ni)eee

The associated level of congestion of the public good is n,,. We denote the set of

is the crowding profile, and g, is the public project.

jurisdiction types by @ ={1,...,w,...,Q}.

PRIVATE PRODUCTION

The private production technology 1., maps labor inputs (m9

S]]
w)ee@ € RY
fu)gee — R'f'.“’ We assume that the

production technology exhibits constant returns to scale (CRS).' The set of

into private goods (outputs), i.e. y, : (m

available production technologies, Y = {1,...,y, ..., Y}, is a finite set.

Once a consumer has chosen a jurisdiction, he supplies his unit of labor to
the private production sector of his jurisdiction. We assume that consumers
with the same crowding type have the same labor skills, and, therefore, they
can be seen as similar labor units. Therefore, if a jurisdiction has the crowding
profile (ni) 0c®’

jurisdiction, which in turn determines the jurisdiction crowding profile of pro-

then there will be n units of labor of type 6 supplied in the

portions 3. In this way, we are modeling a labor market where the offer of labor

contracts, via the production entrepreneurs associated with the different juris-

In fact, we could have modeled the production as a function of both labor inputs and

“)oce)

exogenous parameter that represents the physical capita used in jurisdiction w in the private

physical capital, in which case we would write vy, : (K, (m — RJLF, where K, is an
production. But this possibility would not give us further insights on the group composition

problem, and thus is ommited.
16Tt is importat to remark that if we had considered a production technology exhibiting

increasing returns to scale, then two ex-ante identical consumers would choose differently in
their optimization problems. This will lead to an unequal distribution of earned income among
otherwise ex-ante identical agents (same type). See Freeman [16] and Mookherjee and Ray [30]

for a detail study of this issue.

11



dictions, is accommodated to the consumers’ demand for jurisdictions (inelastic

labor supply).

The profits of the private production sector belonging to a jurisdiction that
is characterized by a private production technology ¥, and a crowding pro-
file (nf) peo (
Y = py, ((n9)9€®> — > pce @on?, where of € R, denotes the wage paid

w w w

that turns out to be the labor inputs of this jurisdiction) are

to a type 6 consumer. Observe that a CRS production function implies that
wages are homogeneous of degree zero in the labor inputs, which implies that
the marginal productivity in turn depends on the proportions of consumers types
in the jurisdiction.!” Therefore, in our context, it is legitimate to write the wages

as a function of the crowding profile of proportions, i.e. af(f,),V0 € ©.

As in the classic work of Debreu [13] the consumers of the jurisdiction own the
resources and control the production. Let gbf) > 0 represent a type 6 consumer’s
share of ownership of the private production profits in jurisdiction w such that
Y oco n? ¢ = 1. Ownership depends on workers’ jurisdiction choice, which is
similar to labor-managed firms. Observe that in our framework these types of

firms are not inefficient since we are considering a CRS production technology.!®
CONSUMERS

Consumers have well defined preferences on the consumption of private goods
T € ]R'f' and public project ¢ € G and its associated level of congestion n €
N, , represented by a utility function @’ (z,g,n). The next two assumptions are

common in the literature.

Assumption 3: For every consumer ', the utility function % (x,g,n) is
continuous, strictly monotonic and strictly quasiconcave in x, decreasing in n
for g # 0, and bounded for all possible g € G.

Assumption 4: For empty public projects, g = (), congestion is assumed to

be irrelevant, that is, Yn # n', % (z,0,n) = @% (z,0,n).

The following assumption is similar to Mas-Colell [28] and Wooders [41]. It
says that the utility at zero consumption of the commodities is that of choosing

the worst allocations of commodities, public project and level of congestion.

1TRecall that a CRS production function implies that the optimal production level remains

constant as long as we keep with the optimal proportions of workers’ types in the jurisdiction.
18We could have ignored ownership issues without affecting our model and results.

12



Assumption 5: Let u’ = ming g @% (2, ¢',n’). Then, @% (0,g,n) =u’,

V(0,9,n) € ® x GxN,.

All consumers of the same type are endowed with a strictly positive vector
of commodities, i.e. e € ]Rtﬂ, VO € ©. We also assume that the aggregate
endowments are bounded from above, that is, 3F € R‘f' finite such that 0 <
Jie'dv < E. We allow the consumers to trade private goods not only with
the members of their own jurisdiction, but also with the consumers of other

jurisdictions.

Once a consumer is in a jurisdiction w = (g.,, (% )sco, ¥,) he takes as given the
public project g,,, the profile of consumers (n )yce, the production technology v,
but also the tax t’ he is charged in order to contribute to finance the public good
provision (discussed below). We denote the utility of consumer 6; in a jurisdiction

0;

Ui w) . Observe that this is an indirect utility function on the

type w by u? (x
primitive @% : the consumption of private goods z% € R'f' and public project g,
and its associated level of congestion n,, enter directly into the utility function
u%, whereas the lump-sum tax t? and production technology ,,((nf)sce) enter

indirectly in u% through the consumer’s budget constraint:

p(al — )+ 18 <ol (B,) + oi11Y ((BC(8,)))

The budget constraint BC(6;) says that the sum of the cost of the purchased
commodities and the lump sum tax payment to the jurisdiction manager must
be smaller than or equal to the income obtained from the consumer’s endow-
ments, wage (which depends on the crowding profile of proportions) and share

of the private production profits. Observe that all consumers of the same type in

a jurisdiction are subject to the same lump-sum taxes (since the preferences for
public goods and labor skills are observed, but not the preferences for the con-
sumption of private goods), the same wages (since consumers of the same type
have the same labor skills, as stated above) and the same share of ownership of

the benefits of the private production.

In an economy where the private goods are used as inputs for the production
of public projects, we have to prevent that the “minimum expenditure situation”
pointed out by Ellickson et al. [15], among others. For that we need to consider
an extra assumption, which says that, if the entire social endowment of private
goods is used to produce public projects, then, for almost every consumer 6; € 1,

there exists some good [ € L and some sufficiently large level of consumption

13



of this good [ such that every agent would prefer consuming his endowment
together with this large level of good [, and belong to no jurisdiction, rather

than to consume the bundle 2% in a jurisdiction w.

Assumption 6: Let 9; be a vector in ]RJLr consisting of one unit of the I

commodity and nothing else. If the entire social endowment of private goods is
used to produce public projects, then, for almost every consumer 6 € @, 3l € L
and large v > 0 such that u% (e’ +rd;, ') > u% (2% w), where w = (9o, N Yo, Bo)
and &' = (0,0, 4., 5,)-

The consumer’s optimization problem is, first to choose the best consumption
bundle given the price level p, the lump sum tax ¢/ and the jurisdiction type
w = (gu, (ng) co ,Yw), and then, to choose the jurisdiction type that gives him

the highest indirect utility. In the former,

U% (w,p,t)) = maxy,,y u” (., w) (Problem 1)
st plae =€)+ < al(B,) + ¢LTL (BC(0:))

The function U% (w, D, tf}) is the maximal utility that consumer 6; can achieve
with the jurisdiction package (g., (n?)oco, %), given prices p and tax t?. Let us
denote the consumer 6,’s demand function'? for private goods at jurisdiction w by
b(0;,w) = argmaxy,,} u’ (z,,w) such that (BC(6;)) holds, and let b : I(#) — R'f'
be a measurable function from the continuum of type 6 consumers at jurisdiction

w into lel. The demand function is continuous (see Claim 1 in the Appendix).

Notice that the jurisdiction type implicitly depends on the crowding profile
of proportions 3, = (6°)sce (through the wages o?(3,)), and, therefore, we
can write the indirect utility function as U% (g, n., v, B,,p,t°). That is, we
can write the indirect utility function as describing an economy with anonymous
crowding in the consumption of public goods (n,, as a direct argument), but also
considering U% to depend on the proportions of consumers types, which in turn
determine the amount of private goods that the consumer can purchase (through
the wages), affecting in this way his utility. This possibility implies that the
formation of an heterogeneous community (more than one type of consumer in the
jurisdiction) is compatible with anonymous crowding since consumers may obtain

high wages in a jurisdiction with collaborative production. In other words, when

Y9Observe that this function is well defined since u’ (z,,;w) is srictly quasiconcave in

(Assumption 3).

14



choosing a jurisdiction type, the consumers care not only about the jurisdiction
public project, but also about the wages earned in the private production sector.
This situation occurs in real life, where individuals choose a place (district, city,
county) to live given the public projects offered (water supply systems, parks,
transport facilities, hospitals, education, etc.) and the contracts offered to their

respective labor skills.?’

After solving Problem 1, consumer 6; chooses his best jurisdiction type that

maximizes his indirect utility U? (w, D, tg), that is,

w(b;) = arg max U% (w,p,t2) (Problem 2)

The solution to Problem 2 gives the consumer 6;’s demand for a membership
in jurisdiction w. Observe that we allow for consumers of the same type to have
different preferences on the consumption of private goods, and, therefore, it may
occur that consumers of the same type choose a different jurisdiction type. We
represent the pure strategy of consumer 6; by a basis vector w(f;) of dimension

h

Q| . The vector w(6;) is the vector in RI®l with one as w'" coordinate and zero

otherwise.

Notice that, the set of jurisdiction memberships coincides with the set of con-
sumers, since we require that each consumer chooses only one jurisdiction as the
place to live. This allows us to define a measure space of jurisdiction member-
ships (M, M, v) that is homeomorphic to the space of consumers (I, F,v) , where
M is the set of jurisdiction memberships and M is a o-algebra of subsets of M.
In fact, this distinction is only introduced in order to distinguish between con-
sumers and memberships. Let us denote by M (w,#) € M the set of jurisdiction

w memberships demanded by type € consumers, that is,
M(w,0) ={0; : w(b;) € arg max U% (-,p,t0)}
we

Then, the total demand for memberships in a jurisdiction w is M (w) = Upceo M (w, ).

By taking the union over the sets M (w) we get M.

20As we explain in the introduction, we prevent workers to consumer public goods in one
jurisdiction while working elsewhere. This makes our analysis tractable. However, this might
not always the case. It would be interesting to explore the possibilities of removing this
assumption. See Haughwout and Inman [20] for an inspiring explanation of how suburban
citizens benefit from city produced public goods and infrastructure. We leave this extension

for future research.
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We now impose a measurement condition on the set of demanded jurisdiction
memberships, already pointed out by Kaneko and Wooders [21] and Ellickson et
al. [15].

The measurement condition (MC):
(MC.i) The sets M(w,0) € M are v-measurable.
(MC.ii) There exists a measure p,, of type w jurisdictions such that

v (M(w,0))=n’ x p,, Vw,0 € (Q x O).

Condition (MC.ii) guarantees that jurisdiction choices are consistent across
the population. Observe also that under this condition the proportions that
hold in a type w jurisdiction are maintained once we integrate over the exist-
ing jurisdictions of this type, that is, 3’ = % = %,‘v’(w,@) € 0 x Q.
Moreover, the relative proportions of consumers types in a jurisdiction w are also
maintained: v (M(w,0)) = Bygv (M(w,0)), V(w,0,0") € Q x O x ©, where
Bog = (ng/ng) is the relative proportion of type 6 consumers with respect to

type 6’ consumers.?!
JURISDICTION MANAGERS

So far we have modeled an economy with a continuum of consumers, repre-
sented by the non-atomic measure space (I, F,v), and the corresponding (home-
omorphic) space of jurisdiction memberships (M, M,v). As argued above, As-
sumptions 1 and 2 imply that the continuum of consumers split into finitely
populated jurisdictions, and this implies a continuum of jurisdictions. So let us
denote this space of jurisdictions by (J, 7, i), where J is the set of jurisdictions,
J is a o-algebra of subsets of J and p is a nonatomic finite measure on 7. The
set of jurisdictions of type w € €2 is denoted by J(w) € J, and has an associated
measure denoted by u, = u(J(w)).

We refer to a jurisdiction of type w (the policy package offered) by w (since
all of them are identical) and to its associated jurisdiction manager by j(w).
Observe that our framework of negligible jurisdictions does not speak against
a model with non-negligible countries if one considers a spatial context with

homogeneous jurisdictions in a region. This is just a matter of aggregating

?1To see this, note that n?, = [M(w,6,s)| =3, ,
over all subsets M (w, 6, s), we have that v (M (w,0)) = 8

M(w,G/,s)| =B n?. Then by integrating

0.0/ w

v (M(w,8")), as desired.

0,0"

16



jurisdictions into countries. To see this, let us integrate over the continuum of
type w jurisdictions, J(w) = fJ(w) J(w, j)dp,,. One can think of J(w) as an atomic
country of type w. Since the sets of jurisdictions types {2 and consumers types

© are finite, it follows that the set of possible countries is finite.

We now indicate how the jurisdiction manager offers the policy package in a
competitive way. We start by stating his public good provision problem. The
cost function for providing the public project g, is given by c(g.,) € RE', which
is assumed to be bounded.?? In order to highlight the labor complementarities
in the private production sector, we assume that the production of the public

projects uses only commodities as inputs and not labor inputs.

Next, let us model smart jurisdiction managers in the sense that they offer a
jurisdiction type w whenever there are profit opportunities. This condition, orig-
inally proposed by Konishi [23] for a Tiebout economy, is referred as Exhausted
Profit Opportunities (EPO). As Konishi shows, the EPO condition guarantees
efficiency through the entrepreneurship of the jurisdiction managers: the profit
opportunities are sought by the jurisdiction managers. This characterization
dispenses with the assumption of price completeness required by Ellickson et al.
[15], which says that every possible jurisdiction type does have a price regardless
of the existence of equilibrium. Here the market becomes complete due to the

initial entrepreneurial deviations of the jurisdiction managers.

E.P.O (Konishi [23]) - Erhausted Profit Opportunities by jurisdiction man-
agers: For all w with Y, g tSnd > pc(g.), we have that ' € Q offered by a
Jurisdiction manager j(w') € J such that V0;,

U (W, P, 1) > maxu® (2, w)

Tw

where U% (W', p, t./) is as defined in Problem 1.%3

In words, the characterization of exhausted profit opportunities by jurisdiction
managers says that if there is a jurisdiction type w with a profit opportunity, then
there must appear another jurisdiction manager j(w’) of type w’ € Q that gives
a higher indirect utility to all consumer types such that their budget constraints

hold. The EPO condition can be seen as a way of modeling the competitive

221t may happen that the cost of providing the public goods is zero as it would be the case
of the natural resources (e.g. sun, beach).
BUY% (W', p,t,) is defined such that u’ (z,,w’) satisfies the consumer’s budget constraint

at jurisdiction w’.
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behavior of jurisdiction managers in a way that they adapt their offer to the
demand of consumers and such that the competition assures zero profits. Ob-
serve that EPO and MC conditions assure the consistency between the supply

(inelastic) and demand of jurisdiction memberships.

4 Equilibrium

Definition CE: A competitive equilibrium for our economy consists on a vector
of consumption of private goods (Z(6;))s,c1 and the respective market price p, a
set of jurisdiction memberships (M (w, ), )uen.sco, a vector of lump sump taxes
(2 )oco wen and wages (a9)pco wen, and a policy package w = (G, (7%)sco, U

for each jurisdiction type such that

(CE.1.1) Consumers choose optimally their consumption bundle: if 37(6;)
such that u% (z(6;),w) > u’(z(6;),w)), then p(z(6;) — ) +1%, > a?, (B,) + ¢TIV,

(CE.1.2) Consumers choose optimally their jurisdiction membership w(6;),
which in turn determine (M (w,#),).cn0co) and the associated consumption
bundle z(6;,w(6;));

(CE.2) The competition among the jurisdiction managers exhausts profits,
Le. Y pee 00l = pe(g), Yw € £;

(CE.3) Wages are paid according to the consumers’ marginal contribution to

the private production process such that IIY, = 0;

(CE.4) The private goods market clears, i.e.

Z/(f(@)—e“)deﬂw(c(m)—m((ﬁi)ge@)):o

0c® 1(0) weN

Remark 1 (MC): Observe that in equilibrium the MC condition is such
that it assures the existence of a measure p, (supply of type w jurisdictions)
such that v (M(w,@)) =’ x p,, V0 € O, with 7 € N, . That is, the supply
of jurisdictions adapts in equilibrium to the demand by the consumers such that

consistency across the population holds.

Theorem 1: There exists an competitive equilibrium in pure strategies for our
local public good economy with collaborative private production and anonymous

crowding in the consumption of public goods.
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The proof of existence of equilibrium for this Berglas’ economy could be drawn
by following Ellickson et al. [15] or Conley and Wooders [11] if one carefully
elaborates on these models to integrate a CRS private production technology
depending on the crowding profile, and the assumption that there is a proper
distribution between tastes and labor skills.?* The technique we use here to show
existence of a competitive equilibrium differs from both Conley and Wooders [11]
and Ellickson et al. [15]. Wooders [41], Allouch and Wooders [2], among others,
first prove that equilibrium exists by showing that the core is non-empty. Then
Conley and Wooders’ [11] decentralization result between the core and the set of
competitive equilibrium for an economy with crowding types may apply. Ellick-
son et al. [15] prove existence of a competitive equilibrium for a decentralized
price-taking economy by using the “no excess demand” approach. Our approach
to prove existence of equilibrium is by “simultaneous optimization”.?® That is,
we investigate the problem of existence of a competitive equilibrium by trans-
forming it into a problem of existence of a social system equilibrium (in terms of
Arrow and Debreu [4]), where the agents simultaneously seek to maximize their
respective payoff functions. As Arrow and Debreu [4] assert, we are able to test

in a clearer way the consistency of the equations that describe the model.

In the “simultaneous optimization approach” each player maximizes a payoff
function on a constraint set. Both the payoff function and the constraint set
may be parameterized by the other players’ actions. This second dependence
does not occur in games. The extension is a mathematical object referred to as

a “generalized game” by Debreu [14].
Next we sketch the important steps in the proof of existence of a pure strate-
gies competitive equilibrium.

1. We extent the generalized game to mixed strategies where each consumer
chooses a mixed strategy on € in their Problem 2. By Debreu’s [14] theorem
we can assert that the extended generalized game has an equilibrium in mixed

strategies.

2. By noticing that the Price auctioneer’s objective function in the extended

240ne may be tempted to modify Ellickson et al. [15] model in order to accommodate private
production as follows. Allow people to join exactly two clubs, one a standard jurisdiction and
the second a club consisting of only themselves. The second club would produce private goods.
However, we think that this approach is not satisfactory since then we would be loosing the

trade-off (public versus private sectors) occuring in just a single jurisdiction (or club).
25See the details of both approaches in Debreu ([12]).
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game depends on the consumers’ mixed strategies only through finitely many
indicators, one for each type # € ©, we can guarantee that the equilibrium is
in fact a pure strategies equilibrium (by Araujo and Péscoa [3, Lemma 2| and
Péscoa [31]). It is important to notice that Schmeidler’s [35] purification result
cannot be applied in our setting, since consumers with the same type may have
different preferences on private goods, that is, there is one common best response
b(0;,w) for each consumer of type #. Schmeidler’s result could only be applied if

instead we had a common best response b(6,w) for type 6 consumers.

3. We show that the equilibrium of the generalized game is in fact a compet-

itive equilibrium.

Perhaps as important as the issue of existence of competitive equilibria are
the problems of normative or welfare economics. In the rest of this section we
address the question of whether the allocation of resources in a competitive equi-
librium is efficient in the sense of Pareto. As we pointed out above, efficiency is
attained through the competition among jurisdiction managers and the freedom
of the consumers to “vote with their feet” for their most preferred jurisdiction.
The entrepreneurship of the jurisdiction managers assures that the demanded
jurisdiction types are provided whenever they are profitable. In equilibrium the

profits are exhausted by the competition among jurisdiction managers.

Let us consider the set 2* of jurisdiction types that are offered by the ju-
risdiction managers to the consumers. We are in a context where any devia-
tion of consumers to a new desired feasible jurisdiction type is facilitated by
the jurisdiction managers in the form of a new jurisdiction. Let the outcome
k= (2(0;),u% (2(0;),@))p,c1 with & € *, where consumers’ budget constraints
(BC) are satisfied (feasibility). We say that a measurable subset I C Z of the
total population of consumers improves upon k with a feasible outcome, say
= (7(0;),u’%(7(0;),@))g,e1 with @ € Q*, if for every 6; € I, u% (%(6;),0) >
u’ (2(0;), @) and u? (2(6;),0) > u¥ (z(0;),&) for at least one 0; € 1.2

A feasible outcome is efficient in the Pareto sense if there is no measurable

subsets of consumers that can improve upon it.

26 Consistent with Assumption 2 we require that the improving coalitions be finite (Kaneko
and Wooders [21]). The f-core, or simply the core, of the economy consists of those feasible
states of the economy (z(0;,w),u% (2(6;),0))eco, @ € 2, with the property that, for some
subset of consumers I C I of full measure, there is no finite coalition I c I° that can improve
upon (z(0;, 0(6;)), u’ (0 (8:,@)))sco-
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Theorem 2. The resulting competitive equilibrium is Pareto efficient.

Finally, we focus our attention on the conditions that lead to existence of an
heterogeneous community. Let us consider the following index of heterogeneity
(H) in a jurisdiction, which compares the proportions over pairs of consumers’

types:
H, (6,6') = (max B, —min ) € [0,1]

where ) = v (M?) /> ycov (MI) refers to the proportion of type § mem-
berships in a jurisdiction w. We say that a community is mixed (or hetero-
geneous) when there is at least more than one consumer type in it, that is,
3(6,0') : H, (0,6') # 1 and min{3’, BZ’} # 0. We denote the crowding profile of
proportions of a heterogeneous community by (8ypr. When H, (0,6") = 0 and
n% > 0 the two types § and @’ of consumers are in the same proportions in a juris-
diction type w, and therefore, the jurisdiction type w is uniformly heterogeneous
on these two types of consumers. When H,, (0, 60") > 0 and min{Bi, ijl} # 0, the
jurisdiction w is mix-populated by the two types of consumers but in different
proportions. If H, (0,6) = 1,V¢', then the jurisdiction type has an homogeneous
population of type 6 consumers. We denote the crowding profile of proportions
of a homogeneous community by S50, Which has a vector (0,...,0,1,0,...,0)

with 1 in the # component but 0 otherwise.

It is easy to see that, in a context of anonymous crowding in the consumption
of public goods, there are two necessary conditions for the existence of a mixed
community: a collaborative production function and a correlation between tastes
and labor types. Both of them are considered in our framework. In the absence of
a collaborative production process the well known result that homogenous groups
coalesce around like individuals would apply in an economy with anonymous
crowding (see Scotchmer and Wooders [36] for this result and McGuire [29] for

a detailed normative analysis on this issue).

A sufficient condition for a heterogeneous community to result in equilibrium
is that, for every agent 6; and every possible configuration 3 HoM(p), the following
holds:

U (@rer; Bupr) > U (@ron: Buowm), V0 € © (SC1)

where Wypr € argmax U% (+; By pr) and @ponre) € arg max Ue’i(~;BHOM(9)).

A more intuitive condition could be obtained if one considers a separable util-

ity function. However, Assumption 6, which guarantees that private goods are
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essensial (Mas-Colell [27]), is restrictive in that it excludes separability between
private and local public goods. Under certain assumptions one can dispense of
this assumption®’, and the following separable utility function could be consid-
ered:

W (2, w) = U (20, Yoo, By D) + 1P (G, 1, 10)

The sufficient condition would become: V0;,V6 € © and every possible B HOM(6)>

Wi (Toypr Yonsrs Baer: D) + U (o Moupr tayer) > Ul (@H0M0); BHOM(Q))

(SC2)
where Z,, ... is a solution to problem 1 at jurisdiction wypgr. If (SC2) happens,
it may occur that for some consumers’ types the public project g, ,, offered
in the mixed jurisdiction @y gy is less preferred than the public project gz, M©)
that would have been chosen if the jurisdiction is populated only by the same
type consumers, i.e. % (Go,mrs Moppr toypr) < U (QJJHOM@,ﬁQHOM(Q),ff}HOM(G)).
However, (SC2) guarantees that the loss in utility is more than offset by the
higher wages that the consumer obtains in the heterogeneous community, which

allow her to increase her consumption of private goods and hence her utility.

5 Final Remarks

This paper addressed the group composition problem that consumers face when
the production in the jurisdiction is collaborative and there is a correlation be-
tween the distribution of tastes and labor skills. For this economy, we showed

that a competitive equilibrium exists and that it is efficient.

Several possibilities are open for future investigation. An alternative modeling
of the competitive behaviour of the jurisdiction managers would be to specify
their payoff functions and budget constraints (e.g. modelling bureaucratic behav-
ior as in Shleifer and Vishny [38]). However, one should take care of assuring the
consistency between the supply and demand of jurisdiction memberships. How-
ever, this task seems not easy, since only a unique measure of type w jurisdictions
(,,) should accommodate the supply and demand of jurisdiction w memberships

for every consumer type. This suggests that the equilibrium would result in a

2TGuilles and Scotchmer [17] show that the assumption that private goods are “essential”
is not required if one considers the conditions of “exhaustion of blocking opportunities” and

“efficient scale”.
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high degree of indeterminacy of p,. Recall that in our framework consistency
holds since supply is assumed to accommodate demand (see also Konishi [22]
and [23]).

Another open question would be to consider the tastes for public goods and
labor skills as unobservable characteristics, as in Conley and Wooders [11] and
Zame [42], respectively. Then one may wonder how these information problems

can affect the composition of the communities.

6 Appendix

We decompose the Appendix in two parts. In Part A we construct the general-
ized game and indicate some useful results that will help for the proofs of the

Theorems below. Appendix B is devoted for the proofs of Theorems 1 and 2.

6.1 Appendix A

Claim 1: The demand function b(0;,w) has nonempty compact values and is

continuous.

Proof. In the consumers’ maximization Problem 1 each consumer #; maximizes
u% (x;w) on his budget set BC(6;). Let us denote consumer 6;’s budget constraint
correspondence by B(6;, p,w) = {z% € X : BC(6;) holds}, which is continuous.
Here X denotes the strategy set, which is non-empty, convex and compact. Com-
pactness follows because total endowments are finite, i.e. x € [0, fI eidv} . By
strictly quasiconcavity of u% and convexity of the values of B% (p,w), it follows
that the budget constraint correspondence has convex values. Consumers’ util-
ities u% (z,,,w) are continuous, strictly quasiconcave and strictly monotonic in
x from Assumption 3. Interiority of endowments guarantees the positivity of
consumers’ incomes and this suffices to establish the lower semi-continuity of the
budget constraints (see Debreu [13]). Now, by Berge’s Maximum theorem, the

demand function b(6;,w) is continuous. W

THE GENERALIZED GAME:

Here our objective is to assure the existence of a solution, in the sense that
the equations that describe the model are consistent with each other. This is

a fundamental step that has to be done before aiming at any empirical test
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of the model. Let us consider the economy introduced in Section 3 satisfying
Assumptions 1 to 6, EPO and MC. In the generalized game an agent k chooses his
strategy X, parametrized by the other agents’ strategies X_;. The generalized
game for this economy is played by the consumers, a Price auctioneer, a Wage
auctioneer and two tax auctioneers. The Price auctioneer chooses a vector
of commodity prices p, given the consumers’ demands (z%)y.c1, and the policy
package offered by each jurisdiction type, in order to maximize the following

payoff function:

Z/ (2(6;) — € dv—i—Zuw ¢ (9w) — (7 >Ge®))) (Problem 1)

0c® 1(0) weN

The Wage auctioneer chooses a vector of wages o = (af )gco wen, given a
policy package for each jurisdiction type (in particular, given (g,,, (ﬁﬁ) be o) wen)

and prices p, in order to minimize the continuous function

> D (e ay’” ((72) peo))’ (Problem 4)

weN O

where gﬁé((ﬁfj) pee) denotes the marginal productivity of a type 0 consumer

evaluated at the crowding profile (ﬁf)) pce - Recall that the marginal productivity
6yw

is homogeneous of degree zero in (ﬁz) that is, depends on the crowding

0c®’
vector of proportions.

The EPO condition assures that competition among the jurisdiction managers
exhausts profits. In our generalized game we model this by introducing two
auctioneers. The first, referred as the Poll tax auctioneer, chooses a vector of
lump sum poll taxes such that it minimizes the profits of providing the public
good in a jurisdiction, i.e. he chooses {(Tw)weg T, =710 Vhe @} , given prices

p and public projects (g, )weq, in order to minimize

Z(Twﬁw — pc(gu))’ (Problem 5)

we

The second, referred as the Transfers auctioneer, chooses a vector of trans-

fers among the individuals of a jurisdiction, such that the externalities associated
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t29

to jurisdiction memberships are internalized®®. For that,?? we might consider a

system of lump sum transfers £, = (ffjj)gie M(0w,)0c0 € Trans (w;), where

Trans (w;) = {{., Z Z ffjj:()}

0€® {i:0;,€M(0,w;)}
Observe that we must have ffjj =1 V0, € M(0,w;). Then, we can write the
lump-sum tax t? charged on a type § consumer as t? = ffJ + 7, (the sum of
a lump-sum transfer ¥ € Trans (w) and a poll tax 7, = ’%i“)). The Transfers
auctioneer’s problem is to choose {¢ = (£ )pcowen : . € Trans (w),Vw}, given

prices p and public projects (g, )wen, in order to minimize

Z / 9 dv)? (Problem 6)
M(O,w)

weR O

given the set of demanded jurisdiction memberships, M (6, w)sce, and the con-

sumers’ budget constraints.

Claim 2: The Poll tax auctioneer and Transfers auctioneer’ strategy sets are

non-empty, convex and compact.

Proof. The strategy sets are non-empty and convex since t/ € R. The
crowding lump-sum transfers (£ )gce must be bounded, i.e. t € [T'~, T*]. The
upper bound Tt follows by the assumption that consumer’s income is uniformly
bounded by p [ e'dv+ [ max,(a’)dv, for p € AL The last term [ o dv is also
bounded since the production is bounded by the upper bound on the jurisdiction
population imposed by Assumption 2. That is, we can write y, < A. This in
turn implies that o’ < A, which guarantees the existence of an upper bound on
[ a,dv. The lower bound 7~ on the lump sum transfers exists by the argument
that if some consumers are paying large negative lump-sum transfers, then others
must be paying large positive lump-sum transfers ¢, € Trans (w) , which implies
that some transfers are canceled with some others: », ¢ t'n? = 0. Observe
that this argument implies that the lump-sum taxes are bounded, since ¢/ can
be written as 7 4 2 C(*Z“’ where éi“) is a finite constant component (poll tax),

and ¢(g,) > 0 is bounded from above by assumption. B

28Observe that different consumers types may have different preferences for a policy package,
and thus we have to adapt our model to the well known Samuelson’s [34] crowding admission

prices.
29We follow Conley and Wooders [11] and Ellickson et al. [15], for the notion of a transfers

equilibrium, which is necessary in order to obtain compactness of the set of crowding admission

lump sum taxes and also to achieve a decentralization result.
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Finally, each consumer 0, € I chooses z(0;,w(0;)), given prices p, the policy

package w = (g, (ﬁf))eee ), wage @’ and tax £ =19 + 7, Vw € Q.

Definition GGE: An equilibrium outcome for the constructed generalized
0:€1(9) €@ weR? such that, for

each player the respective action solves his maximization problem parameterized

game is a vector (f(@i), M(w,0),Gu, 0, 4oy, 12, @Z,ﬁ)

by the other players’ actions. That is,

GG.1) Every consumer 6; chooses optimally Z(6;) from Problem 1 and
&(6;) from Problem 2 given the price vector (p, @’ ). This determines the demand

of jurisdiction memberships by the consumers, M (w, #).cq.sco-

GG.2) The Poll tax auctioneer and Transfers auctioneer choose optimally
((1%)pco )wen and (7, )wen from Problems 5 and 6, respectively, given the policy
package (g, (ﬁz)ee@’ y.) and the prices (P, (aw),cq). Then, & = % + 7,
VO e O,w e .

GG.3) The Price auctioneer chooses a price vector p that maximizes

the aggregate consumers’ budget constraints (Problem 1), given (Z(6;))g,c1 and
(gwu gw (ﬁi)aee)wen-
(GG.4) The Wage auctioneer chooses optimally & = (&% )pc@ weq in Prob-

lem 4, given (g, (ﬁi)gee)wen and p.

6.2 Appendix B

Proof Theorem 1:

We decompose the proof of Theorem 1 in the following two propositions.

Proposition 1: There exists an equilibrium in pure strategies for the con-

structed generalized game.

Proof. Note that the consumers’ strategy of choosing their most preferred
jurisdiction type in Problem 2 has a finite and discrete space domain 2 =
{1,...,w,...,Q}, since the set ® of consumer types, the set G of public projects,
the set N CN‘E‘ of crowding profiles, and the set Y of production technologies are
finite and discrete. In order to circumvent this problem we extent our generalized
game to allow for consumers’ mixed strategies in the set of jurisdiction types.
Then we check that all the conditions of Debreu’s [14] theorem hold: action sets

are non-empty, convex and compact, the payoff functions are quasiconcave on
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their own action and continuous on the action space, and the constraint cor-
respondences have non-empty, convex and compact values and are continuous.

Then, we purify the equilibrium.

Let us extent consumers’ problems to mixed strategies. In order to model this
possibility, denote A(Q) = {A = (A(W))wen : Aw) >0, o AMw) =1} . Then
A(Q2) stands for the convex hull of (1,...,w,...,Q), which is the set of mixed
strategies for each consumer. A profile of strategies p : I —A(€2) brings the

continuum of consumers into strategies (pure or mixed).

The consumer 6;’s Problem 1 extended to mixed strategies is such that this
consumer randomizes over the possible consumptions in the different jurisdic-
tion types. We write U% (A, p,t) = v’ (3 Mw)z(6;,w), A, t), where z(0;,w) =
argmax(y,} u” (z,,w) such that (BC(6;)) holds. That is, consumer randomizes
in Q@ ={1,...,Q}, but not directly in consumption bundles. Then, consumer 6;’s
problem is

max {Ue (A, p, 1)} (Problem 2')
AEA(Q

The utility u% (3 Mw)z(6;,w), \) is a continuous bounded real valued function
on )  A(w)z(#;,w), and the mixed strategy A belongs to the convex compact set
A(Q). We denote R(6;) = {\ € A(2) : X\ € argmax U% (\,p)} the set of mixed

strategies that solve consumer 6;’s Problem 2’.

Now observe that the prices of private goods are non-negative, and therefore,
we can normalize them such that p € Al = {z e RILI . Zézl 2L = 1}.

We must extent the fictitious price auctioneer’s problem to allow for con-
sumers’ mixed strategies. Given a mixed strategy profile p : I — A(Q), the
vector of consumers’ demand for commodities (Z(6;,w(0;))g,c1, and policy pack-

ages (w)weq, the Price auctioneer maximizes the continuous linear function®

p—w(é/ / (6:, (0 (O)dv + > (e —Z/w<( 9)9€@>)>

weN2
(Problem 3)
on the simplex A”, which implies that the price auctioneer’s strategy set is

non-empty, convex and compact.

For the Wage auctioneer’s problem, first observe that the wage af is bounded

300bserve that for the Price auctioneer’s objective function we could have written
e (0:,w(0:))dp(6:)(w) instead of [y, 2(6,w(6:))dp(0),).
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since the marginal productivity is bounded from above, and therefore, the Wage
auctioneer’s strategies are bounded. The Wage auctioneer’s problem is to choose

a vector of wages a = (0 )pco wen, given prices p and a policy package for each

jurisdiction type, (i, and () pc@)weq, in order to minimize the continuous
function 5
a3 > (al- 83{; <(ﬁi)g€@>))2 (Problem 4)
weN cO® w

For the Poll tax and Transfers auctioneers’ problems 5 and 6 (respectively),
observe that if we allow for consumers’ mixed strategies, then the tax that each
consumer pays in the jurisdiction w; is weighted by the probability that type 6
consumers assign to that jurisdiction The associated measure in mixed strategies
to v( is f 16 w)dv. Given a mixed strategy profile p : I — A(€2),
the commodlty prices D and the public project g, associated to each jurisdiction

type:

- the Poll tax auctioneer chooses a vector 7 = 7, € Rl that minimizes the

continuous function

T — Z (Tw Z/ w)dv — p,,pe(g))? (Problem 5')

wenN 0cO

- the Transfers auctioneer chooses a vector t = ((£%)pce)wen € RI®I that

minimizes the continuous function

t— Z Z £ / (w)dv)? (Problem 6')

weR 9O (9)

given the consumers’ demand of jurisdiction memberships (in mixed strategies)

and consumers’ budget constraints.

Observe that we need the auctioneer’s strategy set to be compact. We can
assure this because lump-sum tax t? charged on a type 6 consumer is the sum
of a lump-sum transfer £ that belongs to the compact set Trans (w) = {,
D _0e@ Dot:eM(b;) t p(6;,w;) = 0} and a poll tax ]%‘Z“). See Claim 2 above for
a proof of this argument. Moreover, the Tax auctioneer’s strategy space is also

non-empty and convex.

By applying Debreu’s [14] theorem, we can assert that the extended gener-
alized game has an equilibrium, possibly in mixed strategies. At this point of
the proof it remains to show that a degenerate equilibrium of the extended gen-

eralized game is in fact an equilibrium of the original game. Recall that from
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Assumption 1 there is a continuum of consumers of each type with positive mea-
sure. Exact purification of the equilibrium strategies follows the lines of Pascoa
[31] and Araujo and P&scoa [3, Lemma 2| purification result. Our framework
is even simpler, since purification has to be done within each type § € © of

consumer.

Observe that the Tax auctioneers’ objective function depend only on the av-
erage of the consumers profile, which satisfies Schmeidler [35] hypothesis, and

therefore, also Pdscoa [31] and Araujo and Pascoa [3, Lemma 2].

Now observe that the conditions in Pascoa [31] and Araujo and Péscoa’ [3,
Lemma 2] are satisfied since the Price auctioneer’s payoff in problem 1’ depends
on the profile of mixed strategies p = p(0;)g,e1 only through finitely many indi-
cators, one for each type 6 € @, of the form f[ fn( (0:,w,p) — €%) dp(0;)dv.
Given a mixed strategies equilibrium profile p, there exists a profile (0(6:)) .19 sco
such that the Dirac measure p(6;) at w(6;) is an extreme point of the set R(6;),
which is the consumer 6;’s best response to the prices chosen by the auctioneer in
the previous equilibrium in mixed strategies. Moreover, [ 1(6) Jo 0(0:,w, B)dp(6;)dv
is the same as [}, [, b(0i, w, p)dp(0;)dv.* Hence, we can replace (@(6:))g,c1(0) 0c0
by (p(0:)), 1(6),0co and keep all the equilibrium conditions satisfied. The indica-
tors that the atomic auctioneer takes as given evaluated at p are still the same as

when they were evaluated at p. Therefore, p is a degenerate equilibrium profile.

Remark 2: If we had assumed that consumers of the same type have the same
preferences for private goods, then we would have a common best response b(6, w)
instead of one b(6;,w) for each consumer 6; of this type. Then, Schmeidler’s [35]
puriﬁcation result could be applied since we could write [ 10) Jo (0(0;,w(6;))) dp(6;)dv
as [ (b(0,w))d([ p(0 . In that case, we should check that the Price auc-
tioneer’s obJectlve functlon ¥ is continuous with respect to the convergence in
distribution: if a sequence of pure strategies profiles w,, converges to w is such
J; 9(w(i)n)dv converges to f; g(w(i))dv, for any bounded continuous transforma-

tion g of w, then ¥(w,) converges to ¥(w). M

Proposition 2: An equilibrium for the generalized game is a competitive

equilibrium.

Proof. Let us consider our generalized game for an economy with lump-sum

31 Observe that we could have written [, Z(6;,w)dp(6;) instead of > w,eq (0i,w;)p(0;, wj)

since the two are equivalent.
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transfers and such that the consumption allocations in X have an upper bound

Z that exceeds the attainability upper bound by an arbitrary small amount.

Let (Z(6;), Gu, 1%, Yo, 10, &2, D) 6,€1(6).0e0 wesd be an equilibrium of the general-
ized game. We claim that this equilibrium is a free disposal equilibrium: there
is no excess demand on the vectors of private goods. To see this, let us first

aggregate consumers’ budget constraints:

Z/ 69") + 8 —afi — qﬁffl‘[}{)) dv >0

oco 7 1(9)

By noticing that all consumers of the same type in a jurisdiction type w have the

0;

same lump sum tax rate (t% = t?), wage rate (o’ = o) and share of ownership

in the private production (¢% = ¢), we can write
53] OIS 9) S e R
oce /10 weR heO

Now notice that we have v(M(w,#)) = nf u_, by (MC.ii), so we can write

pZ/ 6;) — e dv+2uw2nt9—n 0 _nlglT1¥) >0

0cO we 0c®

Since Y yco notl, = pc(g.) (from the Poll tax and Transfers auctioneers’ mini-

mization problems), >, g n’¢? = 1 and II¥, = py,, ((ni)eea) — Ypeonbal,
we have that

<926<:a/ ) =)ot D plel w((n3)9€@)>) >0

weN

Now we check that in an equilibrium of the generalized game we have

F=p Z/ 0:) — ") dv+ 3 (e (3) — 5)) < 0

6cO® weN

Suppose there is excess of demand of commodity [ € L, that is,

F=n(Y / (2% — ) dv+ 3 (ol (@) — ) > 0

0cO 1(0) weN

Then, the price auctioneer sets p; equal to 1, but then the whole function becomes
positive, pf > 0, a contradiction with the aggregation of the budget constraints.

Moreover, the inequalities must hold as equalities (market clearing), pf = 0.
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Otherwise, p; would be equal to zero, which would make Z;4, hit the bound
Z, for every individual, a contradiction with feasibility. So condition (CE.4) of

equilibrium is satisfied.

Now, Z(6;,w) is optimal for consumer 6;, given the price vector ((af)gce wen,
P, (2 )oco wen- Suppose it was not, say 7 (6;,w) is budget feasible at (p, @, gu, ¥,
(7%, 7 )gco), and u? (2%, w) > u%(z(6;,w),w). By strict quasiconcavity of the
utility function, u% (62(6;,w) + (1 — 0) z(6;,w),w) > v’ (F(0;,w),w), 6 € [0,1].
Actually, when ¢ is sufficiently small the convex combination lies in X and
pc(gu)

pOE(05,w) + (1= 6) 2(0;,w) — €') + 1, + < ag, + ¢ 11

a contradiction. So condition (CE.1.1) is satisfied. Condition (CE.1.2) follows
from condition (GG.1). Condition (CE.2) follows by EPO condition and the
equilibrium condition (GG.2). W

Theorem 1 follows immediately from Propositions 1 and 2. Q.E.D.

Proof Theorem 2:

Proof.  Suppose not, that is, there exists a blocking coalition I and a fea-

sible allocation (Z(6;),@), .; offered by the jurisdiction managers of type & =

[AS
{?w, (72:72) peo ,gw}, with u® (2(6;),@) > u® (2(6;),@),V0; € I and u (2(6;),0) >

uli (z(6;), @) for at least one 6; € I. The weak inequality > implies po(%(6;) —
e?) + 1% —al — ¢?T1Y > 0, while the strict inequality > implies

Po(2(0;) — ) + 12 — af — 2112 >0

Then aggregating over all consumers in the economy, we have

P ((Coce Sy (@(0) =€) dv) + gy 1o(e (0) = 1 (02) ye6))) > 0
a contradiction with the aggregation of the consumers’ budget constraints.

Pareto efficiency immediately follows by letting I equal the whole population of

consumers I, and so the First Welfare theorem holds. W
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